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MODELS OF BRAUER-SEVERI SURFACE BUNDLES
ANDREW KRESCH AND YURI TSCHINKEL
1. Introduction
This paper is motivated by the study of rationality properties of Mori
fiber spaces. These are algebraic varieties, naturally occurring in the min-
imal model program, typically via contractions along extremal rays; they
are fibrations with geometrically rational generic fiber. Widely studied
are conic bundles π : X → S, when the generic fiber is a conic. According
to the Sarkisov program [60], there exists a birational modification
X˜
π˜

//❴❴❴ X
π

S˜ // S
such that: (i) the general fiber of π˜ is a smooth conic, (ii) the discriminant
divisor of π˜ is a simple normal crossing divisor, (iii) generally along the
discriminant divisor, the fiber is a union of two lines, and (iv) over the
singular locus of the discriminant divisor, the fiber is a double line in the
plane.
Rationality of conic bundles over surfaces has been classically stud-
ied by Artin and Mumford [11], who produced examples of nonrational
unirational threefolds of this type, computing their Brauer groups and
using its nontriviality as an obstruction to rationality. This was gen-
eralized to higher-dimensional quadric bundles in [20], bringing higher
unramified cohomology into the subject and providing further examples
of nonrational varieties based on these new obstructions.
The specialization method, introduced by Voisin [64] and developed
further by Colliot-The´le`ne–Pirutka [21], emerged as a powerful tool in
the study of stable rationality. It allows to relate the failure of stable
rationality of a very general member of a flat family to the existence of
special fibers with nontrivial unramified cohomology and mild singular-
ities; see also [13], [63]. In particular, the stable rationality problem for
very general smooth rationally connected threefolds can be reduced to
the case of conic bundles over rational surfaces [35], [42]. The case of very
general families of conic bundles over rational surfaces is treated in [34].
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Many families that arise naturally in applications lead to discriminant
curves of a special form. These have been studied, e.g., in [16] and [35].
A key step in the specialization method is the construction of families
of Mori fiber spaces with controlled degeneration. A next case to consider
is a fibration whose generic fiber is a form of P2.
Definition 1.1. Let k be a perfect field of characteristic different from 3
and π : X → S a morphism of smooth projective varieties over k. We call
π a standard Brauer-Severi surface bundle if there exists a simple normal
crossing divisor D ⊂ S whose singular locus Dsing is smooth, such that:
• π is smooth over S rD and the generic fiber of π is a nontrivial
form of P2 over k(S).
• Over every geometric point of DrDsing the fiber of π is a union of
three Hirzebruch surfaces F1, meeting transversally, such that any
pair of them meets along a fiber of one and the (−1)-curve of the
other, while over the generic point of every irreducible component
of D the fiber of π is irreducible.
• Over every geometric point of Dsing the fiber of π is an irreducible
scheme whose underlying reduced subscheme is isomorphic to the
cone over a twisted cubic curve.
We note that such π : X → S is necessarily flat. There is a geometric
description, which in the case of algebraically closed base field is due to
Artin [8], [9], and Maeda [47]:
Theorem 1.2. Let k be a perfect field of characteristic different from 3
and S a smooth projective algebraic variety over k. Assume that over
k the following holds: embedded resolution of singularities for reduced
subschemes of S of pure codimension 1, and desingularization for reduced
finite-type schemes of pure dimension equal to dim(S) that is functorial
with respect to e´tale morphisms. Let
π : X → S
be a morphism of projective varieties over k, whose generic fiber is a
nontrivial form of P2. Then there exists a commutative diagram
X˜
π˜

̺X
//❴❴❴ X
π

S˜
̺S
// S
where if we let U ⊂ S denote the locus over which π is smooth,
• ̺S is a birational morphism that restricts to an isomorphism over
U ,
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• ̺X is a birational map that restricts to an isomorphism over
̺−1S (U)→ U , and
• π˜ is a standard Brauer-Severi surface bundle.
Remark 1.3. When dim(S) = 2, only the embedded resolution for curves
on S is required for the proof of Theorem 1.2. However, functorial desin-
gularization of surfaces is known even in positive characteristic [22]. We
have decided not to mention the dimension of S when stating the hy-
potheses concerning resolution of singularities.
In this paper we describe a technique based on root stacks, appearing
in [34], that allows us to recover the Sarkisov program and its version by
Artin and Maeda (Theorem 1.2) and obtain an extension to more general
del Pezzo surface fibrations. The proof of Theorem 1.2 illustrates this
technique, which leads to a global version of the constructions of Artin
and Maeda that is crucial in moduli problems and in applications of
specialization. As an application to rationality problems we prove:
Theorem 1.4. Let S be a smooth del Pezzo surface of degree 2 over an
uncountable algebraically closed field k of characteristic 6= 2, 3, and let
d ≥ 3. Then a standard Brauer-Severi surface bundle corresponding to a
very general member of the linear system |d(−KS)| is not stably rational.
Acknowledgments: We are grateful to Brendan Hassett and Alena
Pirutka for stimulating discussions on related topics and to Asher Auel
for helpful comments. The first author is partially supported by the Swiss
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2. Preliminaries
We start with some algebraic results that will be used in our approach.
Let k be a field. By a variety over k we mean a geometrically integral
separated finite-type scheme over k. We will need, however, the gener-
ality of locally Noetherian schemes and Deligne-Mumford stacks. This
additional generality allows us to construct models of Brauer-Severi bun-
dles in which all of the fibers are smooth. This comes at the cost of
imposing nontrivial stack structure on the base.
2.1. Deligne-Mumford stacks. Deligne and Mumford [24] defined a
class of stacks which includes all stack quotients of the form [X/G], where
X is a variety and G a finite group, and which are now called Deligne-
Mumford stacks. The stack [X/G] differs from the conventional quotient
X/G (which exists as a variety, e.g., when X is quasi-projective) in that it
keeps track of the stabilizers of the G-action. A further advantage is that
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[X/G] has the same local properties (smoothness, etc.) as X . This will
be crucial for us, as we will rely on properties of smooth varieties. Most
important for us will be orbifolds over k, which are smooth geometrically
integral separated finite-type Deligne-Mumford stacks over k that possess
an open substack isomorphic to a scheme.
As a stack, a scheme X is encoded by the category of all schemes
with morphism to X , and [X/G], as G-torsors E → T with equivariant
morphism E → X . When X is a point (i.e., X = Spec(k) if we work
over a base field k, or Spec(Z) if we work with all schemes), [X/G] is the
category BG of G-torsors, the classifying stack of G. We observe, the
diagonal of BG is a finite e´tale morphism of degree |G|.
An infinite discrete group G is also permitted according to modern
usage of the term Deligne-Mumford stack, leading to pathologies such as
zero-dimensional Deligne-Mumford stack [Spec(Q⊗QQ)/H ] for an index
2 non-open subgroup H of Gal(Q/Q), which exists (by [61, Thm. 1]),
is reduced (by [29, 4.3.5]), and is irreducible with 2 points (objects over
Spec(Ω) for all fields Ω, modulo morphisms over Spec(Ω′)→ Spec(Ω) for
embeddings Ω→ Ω′).
When we restrict to Noetherian Deligne-Mumford stacks, i.e., quasi-
compact locally Noetherian Deligne-Mumford stacks with quasi-compact
diagonal, such pathologies are excluded.
More general algebraic stacks such as BG for positive-dimensional al-
gebraic groups or nonreduced group schemes G (Artin stacks) are not
needed here.
2.2. Gerbes. Let X be a Noetherian Deligne-Mumford stack and n a
positive integer, invertible in the local rings of an e´tale atlas of X . A
gerbe over X banded by roots of unity µn, or just µn-gerbe, is a Deligne-
Mumford stack G with morphism G → X that e´tale locally over X is
isomorphic to a product with the classifying stack Bµn and is equipped
with compatible identifications of the automorphism groups of local sec-
tions with µn.
A µn-gerbe is classified, up to isomorphism compatible with the identi-
fications of automorphism groups of local sections, by a class inH2(X, µn);
cf. [50, §IV.2].
Vector bundles on a gerbe determine Brauer-Severi fibrations (see, e.g.,
[25]). This framework was essential in [34], in the construction of families
of conic bundles for the application of the specialization method. We will
use the same strategy for families of Brauer-Severi bundles of relative
dimension 2.
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2.3. Brauer groups. The Brauer group Br(K) of a field K is a classical
invariant, defined as the group of similarity classes of central simple al-
gebras over K. It may also be described in terms of Galois cohomology,
or in the language of e´tale cohomology, as
Br(K) ∼= H2(Spec(K),Gm).
(All cohomology in this paper will be e´tale cohomology.)
Now let S be a Noetherian scheme or Deligne-Mumford stack. Sim-
ilarity classes of sheaves of Azumaya algebras over S, which naturally
generalize central simple algebras over a field, give one notion of Brauer
group of S. Another, more relevant for us, is the cohomological Brauer
group
Br(S) := H2(S,Gm)tors.
The former is a subgroup of the latter; despite examples of a pathological
nature where they differ [25] they are known to coincide in geometrically
relevant cases, including all schemes that possess an ample line bundle;
see, e.g., [45] and references therein.
Proposition 2.1 ([30, Cor. II.1.8, II.2.2], [34, Prop. 2]). Let S be a
regular integral Noetherian scheme or Deligne-Mumford stack and S ′ ⊂ S
a nonempty open subscheme, respectively, substack. Then:
(i) The group H2(S,Gm) is torsion, and the restriction homomor-
phism Br(S)→ Br(S ′) is injective.
(ii) If dim(S) ≤ 2 then every element of Br(S) is the class of a sheaf
of Azumaya algebras on S, and every sheaf of Azumaya algebras
on S ′ representing an element α|S′ for some α ∈ Br(S) extends
to a sheaf of Azumaya algebras on S.
(iii) If dim(S) = 2 and dim(S r S ′) = 0 then every sheaf of Azu-
maya algebras on S ′ extends to a sheaf of Azumaya algebras on
S, and the restriction homomorphism Br(S)→ Br(S ′) is an iso-
morphism.
Now suppose S is a smooth variety or orbifold over a field k, with
function field K = k(S). Then there is a description of the image of
Br(S)→ Br(K) in terms of residues. In case S is an orbifold, the role of
the residue field at a point is played by the residual gerbe
Gξ → Spec(k(ξ))
at a point ξ of S (cf. [43, §11], [57, App. B]).
Proposition 2.2. Let k be a field, S a smooth variety or orbifold over
k with function field K, and n a positive integer that is invertible in k.
Then there is a residue map from the n-torsion of the Brauer group of
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K to the direct sum of H1 groups of residual gerbes Gξ at codimension 1
points ξ ∈ S(1), which fits into an exact sequence
0→ Br(S)[n]→ Br(K)[n]→
⊕
ξ∈S(1)
H1(Gξ,Z/nZ).
Proof. We already know that Br(S)→ Br(K) is injective. Cohomological
purity [10, §XVI.3], combined with the local-to-global spectral sequence
for cohomology with supports [50, §VI.5], yields exact sequences
· · · → Hj−1(S r T,Z/nZ(i))→ Hj−2c(T,Z/nZ(i− c))
→ Hj(S,Z/nZ(i))→ Hj(S r T,Z/nZ(i))→ . . .
for all i when T ⊂ S is a closed substack of pure codimension c that is also
smooth over k. We may assume, as in [15, Rmk. 4.7], that k is a perfect
field, and as in [30] define the residue map and prove exactness. 
Remark 2.3. When S is a smooth variety the exact sequence is well
known, cf. [19], and may be extended with a further residue map as a
complex (Bloch-Ogus complex)⊕
ξ∈S(1)
H1(k(ξ),Z/nZ)→
⊕
ξ∈S(2)
H0(k(ξ), µ−1n ).
The complex with this additional residue map is exact when k is alge-
braically closed and S is a smooth projective rational surface.
2.4. Root stacks. We recall and describe basic properties of root stacks.
Applied to a smooth variety and smooth divisor, the root stack construc-
tion produces an orbifold. The main function of a root stack is to remove
ramification (e.g., of a Brauer class). In geometry, we find several advan-
tages:
• We are able to relate smooth families over a root stack to flat
families over the underlying scheme.
• The classification of smooth families may be more rigid, e.g.,
for conic bundles over a surface, the general ones correspond to
Brauer classes at the generic point, while the smooth ones corre-
spond to unramified Brauer classes.
• Other applications such as those requiring deformation theory
also benefit from working with a proper Deligne-Mumford stack,
instead of a quasi-projective variety.
Let S be a regular integral scheme, D ⊂ S an effective divisor, and
n a positive integer, invertible in the local rings of S. Then there is
the corresponding root stack n
√
(S,D), an integral locally Noetherian
Deligne-Mumford stack, regular if and only if D is regular [18, §2], [1,
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App. B]. Above D is the gerbe of the root stack GD [18, Def. 2.4.4], an
effective divisor on n
√
(S,D) fitting into a commutative diagram
GD //

n
√
(S,D)

D // S
(2.1)
where the right-hand morphism is flat and is ramified over D (so the dia-
gram is not cartesian unless D is empty) and restricts to an isomorphism
over S rD. The left-hand morphism makes GD into a µn-gerbe over D.
Remark 2.4. In the situation of Proposition 2.2 let ξ be the generic point
of an irreducible regular divisor D. The ramification of the right-hand
map in (2.1) leads to a factor of n in the residue map for the generic
point of the gerbe of the root stack, as compared with that of ξ; cf. [59,
Thm. 10.4]. So, as observed by Lieblich [46, §3.2], the residue map for
the generic point of the gerbe of the root stack vanishes on Br(K)[n].
Now let D′ ⊂ S be another effective divisor. The fiber product
n
√
(S,D) ×S n
√
(S,D′) of the two associated root stacks is the iterated
root stack n
√
(S, {D,D′}) [18, Def. 2.2.4]. If D and D′ are regular and
intersect transversally, then n
√
(S, {D,D′}) is regular; the same is valid
with any number of divisors. A generalization (not used in this paper) is
the case of a divisor D that e´tale locally may be written as a union of reg-
ular divisors meeting transversally, for which a construction by Matsuki
and Olsson [48] based on log structures gives rise to a regular Deligne-
Mumford stack, e´tale locally isomorphic to an iterated root stack.
Locally on S the divisor D is defined by the vanishing of a regular
function f , and then n
√
(S,D) is the quotient stack of Spec(OS[t]/(tn−f))
by the scalar action of µn on t. The gerbe of the root stack is, locally,
defined by the vanishing of t, and its points are just the points of D,
with µn-stabilizer, i.e., above any point x ∈ D with residue field κ(x)
the gerbe of the root stack takes the form of a classifying stack BG for
G = µn,κ(x).
Often we consider flat families of projective varieties, or schemes, and
we benefit by being able to study such families over a root stack, i.e., flat
projective morphisms P → n√(S,D) of Deligne-Mumford stacks. The
fiber over a point s ∈ D, where the gerbe of the root stack takes the
form BG for G = µn,κ(s) as mentioned above, has the form [Ps/G] for an
action of G on a projective scheme Ps over κ(s). Typically G acts with
stabilizers (µn or subgroups of µn), and we will speak of the locus with
µn-stabilizer for the appropriate closed subscheme of Ps.
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2.5. Coarse moduli spaces. Let X be a Deligne-Mumford stack, and
assume that X has finite stabilizer, meaning that projection to X from
X ×X×X X is a finite morphism. Then there is a coarse moduli space,
an algebraic space Q with separated morphism X → Q, universal for
morphisms to algebraic spaces. For instance, X could be [Spec(A)/G]
for some finite group G acting on affine scheme Spec(A), and then X has
coarse moduli space Spec(AG), where AG denotes the G-invariant subring
of A. The article by Keel and Mori [38] gives the classic treatment of
coarse moduli space in the setting where X is locally of finite type over
a locally Noetherian base scheme; this suffices for our purposes, and in
this case Q has the same property and X → Q is proper and quasi-
finite. The treatment without finiteness hypothesis is due to Rydh [58].
(These treatments allow, more generally, X to be an Artin stack with
finite stabilizer.)
The construction of coarse moduli space shows that X → Q has the
e´tale local (over Q) form [Spec(A)/G]→ Spec(AG), as described above.
In fact, G may be taken to be the geometric stabilizer group at a point
of X , and the assertion is valid on an e´tale neighborhood of the corre-
sponding point of Q; cf. [5, Lem. 3.4].
For the next statement we assume thatX is tame, meaning that besides
the finite stabilizer hypothesis we also require the order of the geometric
stabilizer group at any point Spec(Ω) → X not to be divisible by the
characteristic of Ω [56]. (This notion is also available for Artin stacks
with finite stabilizer [2].) We suppose furthermore that X , and hence
as well Q, is Noetherian. Then by [3, Thm. 10.3], pullback by X → Q
identifies the category of vector bundles on Q with the full subcategory
of vector bundles on X with trivial actions of geometric stabilizer groups
at closed points.
The most relevant example of coarse moduli space for us is a root
stack n
√
(S,D) → S (or an iterated root stack), and this is tame. The
next result concerns schemes, Fano over S for a Noetherian scheme S, by
which we mean the full subcategory of schemes over S, in which an object
is a flat projective morphism Z → S with Gorenstein fibers such that
ω∨Z/S is relatively ample. The last condition is equivalent by [28, 4.7.1]
to the ampleness of ω∨Zs on the fiber Zs for every closed point s ∈ S.
We may also take S to be an algebraic space, in which case Z is also
allowed to be an algebraic space. We may allow S to be a DM stack,
in which case Z is also a DM stack. But since stacks form a 2-category,
we need to take care to obtain an ordinary category: a morphism from
f : Z → S to f ′ : Z ′ → S is defined to be an equivalence class of pairs
(ϕ, α) where ϕ : Z → Z ′ is a morphism and α : f ⇒ f ′◦ϕ is a 2-morphism,
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with (ϕ, α) ∼ (ϕ˜, α˜) when there exists a (necessarily unique) 2-morphism
β : ϕ⇒ ϕ˜, such that f ′(β(z)) ◦ α(z) = α˜(z) for every object z of Z.
Proposition 2.5. Let X be a tame Noetherian DM stack with coarse
moduli space X → Q. Then the category of schemes, Fano over Q,
is equivalent, by base change, to the full subcategory of DM stacks, Fano
over X, with trivial actions of geometric stabilizer groups at closed points.
Proof. The universal property of the coarse moduli space tells us that
base change by X → Q is a fully faithful functor.
To an object f : Z → X of the category of DM stacks, Fano over
X , there is an associated quasi-coherent sheaf of graded OX-algebras⊕
n≥0 f∗((ω
∨
Z/X)
n). The graded components are coherent and for suf-
ficiently large n are locally free with formation commuting with base
change to (geometric) fibers. If the actions of geometric stabilizer groups
at closed points is trivial, then f∗((ω
∨
Z/X)
n) for n≫ 0 satisfies the condi-
tion stated above to descend to a locally free coherent sheaf on Q. The
algebra structure descends as well, and by applying Proj we obtain an
algebraic space Y , Fano over Q, which upon base change to X recovers
Z → X up to an isomorphism. 
Remark 2.6. As a consequence, the algebraic space Y , Fano over Q that
we obtain in the proof of Proposition 2.5, is the coarse moduli space of
Z.
2.6. E´tale local uniqueness in smooth families. In certain geomet-
ric situations such as fibrations in projective spaces, a smooth family has
a unique e´tale local isomorphism type. The same holds G-equivariantly,
when G is a finite group whose order is not divisible by the residue char-
acteristic.
Lemma 2.7. Let A be a Henselian ring with residue field κ, and X a
scheme, smooth over Spec(A). Let G be a finite group, whose order is
invertible in κ, with compatible actions on X and on A and trivial action
on κ, and x a κ-point of the fiber Xκ over the closed point of Spec(A)
that is fixed for the group action. Then X admits a G-invariant A-point
that specializes to x.
Proof. Since A and hence as well AG is Henselian, there is a free finite-
rank AG-module with G-action, whose base change to κ is isomorphic to
any given finite-dimensional κ-vector space with G-action.
Replacing, as needed, X by intersections of translates under G of an
affine neighborhood of x, we may suppose that X = Spec(B) is affine.
Let m denote the maximal ideal corresponding to x. The A-linear map
m→ Ω1Xκ,x
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(sending f to df) is surjective and G-equivariant. There is therefore a
lift of an appropriate κ-basis of Ω1Xκ,x to elements of m whose A
G-linear
span is invariant under the G-action. According to [29, 17.16.3(i)] (really,
its proof), the lifts define a G-invariant subscheme W ⊂ X that is e´tale
over Spec(A) at x. Since A is Henselian, there is a unique G-invariant
A-point of W that specializes to x. 
Lemma 2.8. Let A be a Henselian ring with residue field κ, and X and
Y schemes, smooth and projective over Spec(A). Let G be a finite group,
whose order is invertible in κ, with compatible actions on X, on Y , and
on A, with trivial action on κ. Let ϕ : Xκ → Yκ be a G-equivariant
isomorphism of fibers. If the tangent bundle TXκ satisfies
H1(Xκ, TXκ) = 0,
then there exists a G-equivariant isomorphism X → Y over Spec(A) that
specializes to ϕ.
Proof. There is a scheme IsomA(X, Y ), parametrizing isomorphisms of
fibers [31, §4c], with G-action, smooth over Spec(A) at ϕ by [31, Cor.
5.4]. We conclude by Lemma 2.7. 
2.7. Components in families. The irreducible components of fibers in
a flat family with geometrically reduced fibers may be accessed by ex-
cluding the relative singular locus and forming the sheaf of connected
components. If π : X → S is a finitely presented smooth morphism of
schemes, then geometric components of fibers determine an e´tale equiv-
alence relation on X over S whose algebraic space quotient π0(X/S) is
e´tale over S and is characterized as factorizing π,
X → π0(X/S)→ S,
such that X → π0(X/S) is surjective with geometrically connected fibers
[43, 6.8]. There are easy examples for which π0(X/S) is not a scheme,
e.g., the sum of squares of coordinates A2Rr{(0, 0)} → A1R. Formation of
π0(X/S) commutes with base change by an arbitrary morphism S
′ → S.
A subset of X , which is the pre-image of a subset of π0(X/S), will be
called component-saturated.
Lemma 2.9. Let π : X → S be a proper flat finitely presented pure-
dimensional morphism of schemes, such that for every s ∈ S the smooth
locus of the fiber Xs is dense in Xs. Then the morphism π0(X
sm/S)→ S
is universally closed, where Xsm denotes the relative smooth locus of π.
If, moreover, the geometric fibers of π all have d irreducible components
for some integer d, then π0(X
sm/S)→ S is finite e´tale of degree d.
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Proof. The second assertion follows from the first by the general fact
that a finitely presented universally closed e´tale morphism T → S with
fibers all of the same degree is finite. This comes down to topological
properties of the relative diagonal (it is an open immersion since T → S
is e´tale, and we need to show that it is closed as well), so the verification
is reduced by [29, 1.10.1] to the case that S is Spec of a local ring, and
by [29, 2.6.2], to the case of a strictly Henselian ring. Each of the d
pre-images of the closed point then lifts to a section. The sections cover
T , since the image of their complement is closed but does not contain
the closed point of S. So, T is the disjoint union of the sections.
Now suppose that S = Spec(A), where A is a local ring. Let z ∈ X be
a maximal point of a fiber of π and Z its closure in X . We claim that
π(Z ∩Xsm) contains the closed point of S. Indeed, by semicontinuity of
fiber dimension [29, 13.1.5], Z contains a maximal point of the fiber over
the closed point, which by hypothesis lies in Xsm.
Let n ≥ 0. In a proper flat family of schemes of relative dimension n
over a Noetherian base scheme, the condition on fibers to have singular
locus of dimension less than n is open by semicontinuity of fiber dimen-
sion. With the local form of semicontinuity of fiber dimension [29, 13.1.3]
(semicontinuity of w 7→ min dim(π−1(π(w)) ∩ U) where the minimum is
over open U containing w) and flatness (particularly, [29, 2.3.4]), we see
that the condition to have pure dimension n is closed. We reduce the
verification of the first assertion immediately to the case when S is affine
and reduced, and with the preceding observations and [29, 8.10.5, 11.2.7]
to the case when S is Noetherian. Then, as noted in the proof of [41,
Prop. 2.2], the claim implies the assertion. (In fact, the case A is a DVR
suffices.) 
Remark 2.10. With the notation of Lemma 2.9, any component-saturated
closed subset W ⊂ Xsm has the property that formation of the closure
W in X commutes with base change by an arbitrary morphism S ′ → S.
Since an equality of sets may be verified fiberwise, the assertion reduces to
the case S ′ = Spec(κ(s)), where κ(s) is the residue field of a point s ∈ S.
We may suppose π has constant fiber dimension n. For x ∈ W ∩ π−1(s),
semicontinuity of fiber dimension yields dim(π−1(s)∩U) = n for all open
U ⊂W containing x. Hence there is a maximal point of π−1(s) that lies
in W (equivalently, lies in W ) and specializes to x.
3. Conic bundles
In this section we present an ingredient from the Sarkisov program,
which gives a description of conic bundles with regular discriminant di-
visor, using the language of root stacks.
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By a conic bundle over a locally Noetherian scheme S, in which 2 is in-
vertible in the local rings, we mean a flat projective morphism π : X → S
such that the fiber over every point of S is isomorphic to a possibly sin-
gular, possibly non-reduced conic in P2, i.e., the zero-loci of a nontrivial
ternary quadratic form. We say that a conic bundle π : X → S has mild
degeneration if all fibers are reduced.
Proposition 3.1. Let S be a regular scheme, such that 2 is invertible
in the local rings of S, and let D ⊂ S be a regular divisor. Then the
operations described below identify, up to unique isomorphism:
• smooth P1-fibrations over √(S,D) having nontrivial µ2-actions
on fibers over the gerbe of the root stack, with
• conic bundles π : X → S such that X is regular and the fiber
π−1(s) over a point s ∈ S is singular if and only if s ∈ D; all
such conic bundles have mild degeneration.
Given a smooth P1-fibration P →√(S,D) with nontrivial µ2-actions on
fibers over the gerbe of the root stack, a conic bundle π : X → S with
mild degeneration is obtained by
• blowing up the locus with µ2-stabilizer,
• collapsing the “middle components” of fibers over D, and
• descending to S.
Given a conic bundle π : X → S we obtain the associated smooth P1-
fibration over
√
(S,D) (up to unique isomorphism) by
• pulling back to
√
(S,D),
• blowing up the relative singular locus over the gerbe of the root
stack, and
• collapsing the “end components” of fibers over D.
Proposition 3.1 deals with flat projective families of reduced curves
with at most nodes as singularities. This is the setting of (pre)stable
curves, for which there are known constructions to perform the con-
tractions indicated in the statement of Proposition 3.1. Collapsing the
“middle components” of a flat family of at-most-3-component genus 0
prestable curves π : C → T is achieved by the relative anticanonical
model Proj
(⊕
m≥0 π∗((ω
∨
C/T )
m)
)
. The setting where “end components”
are to be collapsed is one of families with only 1- and 3-component genus
0 prestable curves, and e´tale locally there exists a section σ which avoids
the end components of 3-component fibers; then Proj
(⊕
m≥0 π∗(OC(σ)m)
)
gives the desired contraction, and although sections exist only e´tale lo-
cally, the construction may be performed globally over the base, as de-
scribed in [41].
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Proof. Let P → √(S,D) be a smooth P1-fibration, such that µ2 acts
nontrivially on Ps for every s ∈ D in the notation from the discussion of
stabilizers from §2.4. Let Spec(A) be an affine neighborhood in S of a
point s ∈ D, on which D is defined by the vanishing of a function f ∈ A.
Setting
A′ := A[t]/(t2 − f),
then, we have an open substack of
√
(S,D) isomorphic to
[Spec(A′)/µ2],
where µ2 acts by scalar multiplication on t. We claim that there is an
e´tale neighborhood Spec(B) → Spec(A) of s such that for the rank 2
vector bundle and projectivization
V := [Spec(A′[u, v])/µ2] and P̂ := P(V ),
where µ2 acts by scalar multiplication on u and trivially on v, we have
Spec(B)×S P ∼= Spec(B)×S P̂ .
Equivalently,
Spec(Ash)×S P ∼= Spec(Ash)×S P̂ ,
where Ash is a strict Henselization of the local ring of Spec(A) at s. By
[29, 18.8.10], we have
Ash ⊗A A′ ∼= A′sh,
where A′sh is an analogous strict Henselization of A′. So, it suffices to
verify that
Spec(A′sh)×√
(S,D)
P and Spec(A′sh)×√
(S,D)
P̂
are equivariantly isomorphic. By Lemma 2.8 it is enough to check that
the respective fibers over the closed point of Spec(A′sh) are equivariantly
isomorphic, and this is so by the hypothesis of nontrivial µ2-action on
fibers of P over the gerbe of the root stack. In particular, the stabilizer
locus of P is a degree 2 e´tale representable cover of the gerbe of the root
stack.
The blow-up P1 of the locus of P with µ2-stabilizer therefore has geo-
metric fibers over points of D with three irreducible components and
nontrivial µ2-action only on the “middle components”. After collapsing
“middle components” to P2, the geometric fibers have two irreducible
components over points of D and trivial µ2-action. By Proposition 2.5,
P2 →
√
(S,D) descends to a conic bundle P3 → S. To see that P1 is the
blow-up of P2 along the relative singular locus over the gerbe of the root
stack, we use the fact that the constructions described in the statement
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are compatible with base change by an e´tale morphism to S and carry
out the constructions with P̂ :
P̂1 = [Proj(A
′[p, q, r, w]/(pr− tq2, pw − t2qr, qw − tr2))/µ2],
P̂2 = [Proj(A
′[x, y, z]/(xz − t2y2))/µ2],
P̂3 = Proj(A[x, y, z]/(xz − fy2)).
Since P̂3 is regular, so is P3. The steps, performed in reverse starting
from P3, yield P up to unique isomorphism.
A conic bundle X → S with X regular and singular fibers precisely
over points of D has, locally, defining equation fx2 + ay2 + bz2 = 0 for
units a and b, as we see using diagonalizability of a quadratic form over
OS,s, first with s the generic point of a component of D and then with
arbitrary s ∈ D. (Such an observation for quadric bundles is given in
[12, Prop. 1.2.5].) So, e´tale locally, there is an isomorphism with P̂3,
and the construction may be carried out to yield a smooth P1-bundle
over
√
(S,D). From this, the construction of blowing up, collapsing, and
descending to S recovers X → S up to unique isomorphism. 
Remark 3.2. The Sarkisov program establishes the existence of good
models of conic bundles over arbitrary varieties [60], via classical bi-
rational geometry. A more general version of this result may be obtained
through the use of root stacks. Details are presented in [55].
4. Brauer-Severi surface bundles
In the following sections we prove Theorem 1.2 using root stacks.
Definition 4.1. Let S be a locally Noetherian scheme, in which 3 is
invertible in the local rings. A Brauer-Severi surface bundle over S is
a flat projective morphism π : X → S such that the fiber over every
geometric point of S is isomorphic to one of the following:
• a del Pezzo surface of degree 9 (i.e., since a geometric fiber, P2),
• the union of three Hirzebruch surfaces F1, meeting transversally,
such that any pair of them meets along a fiber of one and the
(−1)-curve of the other,
• an irreducible scheme whose underlying reduced subscheme is iso-
morphic to the cone over a twisted cubic curve.
If only fibers of the first two types appear, then we say that the Brauer-
Severi surface bundle has mild degeneration.
Remark 4.2. For the fibers Xs appearing in a Brauer-Severi surface bun-
dle with mild degeneration, the dual ω∨Xs of the dualizing sheaf is very
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ample and we have h0(Xs, ω
∨
Xs) = 10. This is standard for del Pezzo
surfaces of degree 9 and may be verified with a short computation for
unions of three Hirzebruch surfaces.
Definition 4.3. Let k be a field of characteristic different from 3. An
action of µ3 on P
2
k is said to be balanced if, after passing to an algebraic
closure k¯ of k and making a change of projective coordinates, the action
is µ3 × P2k¯ → P2k¯,
(α, x : y : z) 7→ (αx : α2y : z).
We formulate an analogue of Proposition 3.1.
Proposition 4.4. Let S be a regular scheme, such that 3 is invertible
in the local rings of S, and let D ⊂ S be a regular divisor. Then the
operations described below identify, up to unique isomorphism:
• smooth P2-fibrations over 3√(S,D) having balanced µ3-actions on
fibers over the gerbe of the root stack, with
• Brauer-Severi surface bundles π : X → S such that X is regular
and the fiber π−1(s) over a point s ∈ S is singular if and only if
s ∈ D; all such bundles have mild degeneration.
Given a smooth P2-fibration P → 3√(S,D) with balanced µ3-actions on
fibers over the gerbe of the root stack, P has distinguished loci
• Pµ: locus with nontrivial µ3-stabilizer,
• Pλ: union of lines on the geometric P2-fibers joining points of Pµ.
On the blow-up BℓPµP of P we have a distinguished locus
• Pc: the union of codimension 2 components of the stabilizer locus.
On the second blowup BℓPc(BℓPµP ) we have the locus
• P˜λ: the proper transform of Pλ.
Then a Brauer-Severi surface bundle π : X → S with mild degeneration
results by
• collapsing first the degree 8 components of fibers over D of
BℓP˜λ(BℓPc(BℓPµP )),
• collapsing the degree 3 components,
• descending to S.
Given a Brauer-Severi surface bundle π : X → S we obtain the as-
sociated smooth P2-fibration over the root stack 3
√
(S,D) (up to unique
isomorphism) by
• pulling back to 3√(S,D),
• blowing up the relative singular locus of the relative singular locus
over the gerbe of the root stack,
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• blowing up the relative singular locus over the gerbe of the root
stack, and
• contracting the high-degree (≥ 7) components above the gerbe of
the root stack.
The constructions in Proposition 4.4 are more complicated than the
corresponding constructions for conic bundles. Their justification relies
on machinery presented in an Appendix on birational contractions.
The proof, given in the following sections, has several ingredients:
• the forwards construction, which produces a mildly degenerating
Brauer-Severi surface bundle out of a smooth of P2-fibration over
the root stack, is carried out using explicit birational contractions
(Section 5);
• the reverse construction, starting with a mildly degenerating Brauer-
Severi surface bundle, is carried out with similiar techniques (Sec-
tion 6);
• the verification that every Brauer-Severi surface bundle π : X →
S, such that X is regular and precisely the fibers over a regular
divisor on S are singular, has mild degeneration, based on a com-
bination of the forwards construction and purity for the Brauer
group (Section 7);
5. Forwards construction
In this section we carry out the forwards construction of Proposition
4.4.
Let P → 3√(S,D) be a smooth P2-fibration, such that the µ3-action
on Ps for every s ∈ D is balanced. As in the proof of Proposition 3.1,
there is an affine e´tale neighborhood Spec(B) → S of a point s ∈ D,
where the pre-image of D is principal, say, defined by the vanishing of
f ∈ B, and setting
B′ := B[t]/(t3 − f), V := [Spec(B′[u, v, w])/µ3], P̂ := P(V ),
we have an isomorphism
Spec(B)×S P ∼= P̂ . (5.1)
Here, µ3 acts on by scalar multiplication on t and u, by scalar multipli-
cation squared on v, and trivially on w. In particular, Pµ is a degree 3
e´tale representable cover of the gerbe of the root stack, and after blowing
up Pc is smooth over the gerbe of the root stack, consisting of a line in
every P2 fiber of the exceptional divisor, and P˜λ is also smooth over the
gerbe of the root stack, consisting geometrically of three pairwise disjoint
(−2)-curves in every component of fibers over the gerbe of the root stack,
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isomorphic to the minimal resolution of the singular cubic surface of type
3A2 [17].
At the successive blow-ups we have divisors at our disposal as described
below; for the description of combinations that are relatively ample over
S we use the fact about ampleness mentioned in §2.5 in combination with
the equivalence [28, 2.6.2] of ampleness of a line bundle on a projective
scheme with ampleness of its restriction to every irreducible component,
to characterize relatively ample line bundles. We adopt the convention
that the same notation will be used for a divisor or line bundle and its
pullbacks under the morphisms described below. But in this section,
tilde (˜), as in E˜1, always indicates proper transform. We let ω
∨ denote
the relative anticanonical bundle of P over 3
√
(S,D).
• We analyze the first blow-up
BℓPµP → P.
In addition to ω∨, we have the exceptional divisor E1; on geo-
metric fibers over the gerbe of the root stack, E1 consists of three
components Eu, Ev, Ew, each isomorphic to P
2, attached along
three pairwise disjoint exceptional divisors du, dv, dw of a compo-
nent Σ1 isomorphic to a degree 6 del Pezzo surface (DP6), with
the remaining exceptional divisors λuv, λvw, λuw ⊂ Σ1 contained
in the proper transform of Pλ. The intersection numbers are:
du λvw
ω∨ 0 3
E1 −1 2
The projection formula supplies the first row. Entries in the sec-
ond row are intersection numbers on DP6 with du + dv + dw.
Multiples of αω∨−E1 for α ∈ Q, α > 2/3 are relatively ample.
• We analyze the second blowup
BℓPc(BℓPµP )→ BℓPµP.
Let E2 be its exceptional divisor. With notation as above and
components ℓu ⊂ Eu, etc., of the stabilizer locus Pc, we have the
exact sequence of normal bundles
0→ NPc/E1|ℓu → NPc/BℓPµP |ℓu → NE1/BℓPµP |ℓu → 0
with
deg(Nℓu/Eu) = 1 and deg(NEu/BℓPµP |ℓu) = −1
(and similarly for ℓv and ℓw). On geometric fibers over the gerbe
of the root stack, E2 consists of three components Fu, Fv, Fw, each
isomorphic to a Hirzebruch surface F2, glued along (−2)-curves
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cu, respectively, cv, cw, to E˜u, respectively, E˜v, E˜w, and along a
fiber f2,u (respectively, f2,v, f2,w) to Σ2, the blow-up of Σ1 at three
points; note that Σ2 is isomorphic to the minimal resolution of the
singular cubic surface of type 3A2. The class of the exceptional
divisor E2, restricted to Fu, etc., is OP(O
P1 (1)⊕OP1 (−1))
(−1). The
further restriction to cu, etc., is OP(O
P1 (1)⊕0)
(−1) ∼= OP1(1) and
to f2,u, etc., is isomorphic to OP1(−1); these explain the last two
entries in the third row:
d˜u λ˜vw cu f2,u
ω∨ 0 3 0 0
E1 −1 2 −1 0
E2 1 1 1 −1
Intersection numbers on Σ2 give the first two entries in the third
row.
Multiples of β(αω∨ −E1)− E2 with
α > (1/3)(2 + 1/β) and β > 1
are relatively ample.
• We analyze the third blowup
BℓP˜λ(BℓPc(BℓPµP ))→ BℓPc(BℓPµP ).
Let E3 be its exceptional divisor. On geometric fibers over the
gerbe of the root stack E3 consists of components Quv, Qvw, Quw,
fibered over λ˜uv, etc. With an exact sequence of normal bundles,
as in the second blowup, we see that each component is isomorphic
to P1×P1, with O(E3) of degree −2 along ruling sections and −1
along fibers, and is glued along a fiber to the exceptional divisor
eu of a blow-up of E˜u, etc., along another fiber to the exceptional
divisor fu of a blow-up of Fu, etc., and along a ruling section (in
the table, λ˜vw, etc.) to Σ3 ∼= Σ2.
d˜u eu λ˜vw cu f˜2,u fu
ω∨ 0 0 3 0 0 0
E1 −1 0 2 −1 0 0
E2 1 0 1 1 −1 0
E3 1 −1 −2 0 1 −1
Multiples of γ(β(αω∨ −E1)− E2)− E3 with
α >
2
3
+
1
3β
− 2
3βγ
, β > 1 +
1
γ
, and γ > 1
are relatively ample.
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The degree 8 components of geometric fibers over the root stack E˜u,
E˜v, E˜w, Quv, Qvw, Quw comprise the divisor
E˜1 ∪ E3
in the class of E1 − E2 + E3, with evident contraction ψ to a stack
Z, isomorphic to each of the intersections E˜1 ∩ E2, E˜1 ∩ E3, E2 ∩ E3.
Proposition A.9 is applicable to the contraction ψ : E˜1 ∪ E3 → Z with
the relatively ample line bundle associated with (an integral multiple of)
γ(β(αω∨ − E1)− E2)−E3 for
αβ > 1, (1− α)β < 1, (2α− 1)β < 1, γ = 1
(1− α)β ,
and value of m, coefficient appearing in the twist of the relatively ample
line bundle by m(E1−E2+E3), equal to (the same integral multiple of)
(αβ − 1)/(1− α)β. We obtain a contraction
ν : BℓP˜λ(BℓPc(BℓPµP ))→ P1,
restricting to ψ : E˜1 ∪ E3 → Z ⊂ P1, with IZ/I2Z locally free of rank 3.
By Remark A.11, the effective Cartier divisor E1 + E3, viewed as in-
vertible sheaf with global section, pushes forward under ν to a Cartier
divisor on P1 that we denote by Ψ. Over Spec(B), where we have an
isomorphism (5.1) and therefore individually defined divisors E˜u, etc.,
further Cartier divisors arise by pushing forward
Ĝu := 2E˜u + E˜v + 3F˜u + 2Quv +Quw
and the analogously defined Ĝv and Ĝw to
P̂1 := Spec(B)×S P1.
So the union of the blown up F2 components of P̂1 over the gerbe of the
root stack is a Cartier divisor, as is 3 times each individual blown up F2
component. Since ν is a birational contraction of a normal scheme, P1 is
normal.
We claim, P1 has A2-singularities along Z. This is a local assertion,
so we may work over P̂1, which is a quotient stack by µ3. We use the
language of schemes (with µ3-action) in the following argument. Fix a
closed point rˆ ∈ Ẑ over s′ ∈ Spec(B′), corresponding to some m′ ⊂ B′,
over a given s ∈ D. Let n = dim(B′m′), and let t, g1, . . . , gn−1 be a
regular system of parameters, i.e., elements that form a basis of m′/m′2.
If nˆ denotes the maximal ideal of the local ring OP̂1,rˆ, where the residue
field of rˆ is a finite extension ℓ of the residue field k of s′, then since Ẑ is
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regular there is the exact sequence of vector spaces over ℓ [29, 16.9.13]
0→ IẐ/nˆIẐ → nˆ/nˆ2 → nˆ/(IẐ + nˆ2)→ 0, (5.2)
from which we learn
dim(nˆ/nˆ2) = n+ 3.
As well, by Proposition A.9, we have the compatibility of the contraction
νˆ with base change, e.g., via {s′} → Spec(B′), and this way we learn that
the fiber of P̂1 over s
′ consists of a singular cubic surface of type 3A2 joined
to three components, each isomorphic to the blow-up of F2 at one point.
In particular,
dim(nˆ/(m′OP̂1,rˆ + nˆ2)) =
{
4, if 3 components meet at rˆ,
3, otherwise.
In both cases, we let x and y be local defining equations of the Cartier
divisors on P̂1, each consisting (on fibers) of one blown up F2 component
with multiplicity 3, and z, of their union with multiplicity 1; in the case
3 components meet at rˆ we additionally let q be a local defining equation
for the singular cubic surface divisor component.
We have, after adjusting by units,
xy = z3
and, in the two cases,
t = qz ∈ nˆ2, respectively, t = z.
The kernel
(m′OP̂1,rˆ + nˆ2)/nˆ2
of the canonical homomorphism nˆ/nˆ2 → nˆ/(m′OP̂1,rˆ + nˆ2) is generated
by m′. So the kernel is, in the two cases, of dimension n − 1 with basis
g1, . . . , gn−1, respectively, of dimension n with basis t, g1, . . . , gn−1.
Suppose, first, rˆ is the point where three components come together.
We know, modulo q, the point rˆ is an A2-singular point of the cubic
surface component, with nˆ/(m′OP̂1,rˆ+qOP̂1,rˆ+nˆ2) of dimension 3, spanned
by x, y, and z. So q, x, y, and z span nˆ/(m′OP̂1,rˆ + nˆ2); they define a
morphism to A4B′ which is unramified at rˆ and hence by [29, 18.4.7]
restricts and lifts to a closed immersion of a neighborhood Spec(C) of
rˆ in an e´tale affine neighborhood Spec(∆) of the point 0 over s′ in A4B′ ;
let δq, δx, δy, δz ∈ ∆ denote the coordinate functions from A4B′ . Then,
setting ∆˜ := ∆/(t− δqδz), we see that ∆→ C factors through
∆˜/(δxδy − δ3z). (5.3)
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The element δxδy − δ3z is irreducible in the local ring of ∆˜ at the point
0 over s′, so the localization of (5.3) is an integral domain, and we have
found the desired local form of the singularity at rˆ.
Now suppose rˆ is a point of the component P1 where two blown up
F2 components meet. The Cartier divisor defined by x, restricted to the
other blown up F2 component, defines P
1 with multiplicity 1, and the
same is true with y and the first blown up F2 component. It follows that
x, y, and a polynomial of degree [ℓ : k] in a local parameter p for P1 span
nˆ/(m′OP̂1,rˆ + nˆ2). We argue as above, with morphism to A3B′ determined
by x, y, and p and ∆→ C factoring through ∆/(δxδy − t3).
On P1 we have Cartier divisors Ψ ∪ ν(Σ3) and Ψ. Hence ν(Σ3) is
a Cartier divisor, which becomes linearly equivalent to −Ψ after base
change to any affine e´tale chart of 3
√
(S,D) where the pre-image of the
gerbe of the root stack is principal. We apply Proposition A.9 with
relatively ample OP1(1) and m taken so that the twist by mν(Σ3) has
degree 0 on f˜2,u. Thus we obtain a contraction
ρ : P1 → P2,
where P2 is a Brauer-Severi surface bundle over
3
√
(S,D). Under ρ we
have ν(Σ3) contracting to a copy G in P2 of the gerbe of the root stack,
with IG/I2G locally free of rank 4. An exact sequence analogous to (5.2)
shows that dim(nˆ/nˆ2) = n+ 3, where nˆ is the maximal ideal of the local
ring, after base change to an affine e´tale chart of 3
√
(S,D), at a closed
point rˆ over G; in particular, P2 has hypersurface singularities.
As above, we may work over Spec(B) and perform previous analysis
to show that 3 times each F1 component over the gerbe of the root stack
is a Cartier divisor. This leads to an e´tale local defining equation at a
point rˆ as above of δxδyδz−t3, with analogous notation to that appearing
in (5.3). With notation as before, we have an affine chart Spec(C) of
P̂2 := Spec(B)×S P2,
which we may without loss of generality take to be µ3-invariant, and a
closed immersion
Spec(C)→ Spec(∆)
identifying the local ring Cnˆ with ∆nˆ′/(δxδyδz − t3), where nˆ′ denotes the
maximal ideal, corresponding to the image of rˆ in Spec(∆). Although ∆
is not determined canonically, its strict henselization at nˆ′ is canonically
determined (up to fixing a separable closure of the residue field): it is a
strict henselization of affine 3-space over B′.
By Proposition 2.5, there exists a scheme P3, Fano over S, with
3
√
(S,D)×S P3 ∼= P2.
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By Remark 2.6, P2 → P3 is a coarse moduli space, so with the above
notation, P3 has affine coordinate ring C
µ3 . We claim, P3 is regular;
equivalently,
P̂3 := Spec(B)×S P3
is regular. It suffices to verify the claim after passing to a strict henseliza-
tion (Cµ3)sh of P3. By [29, 18.8.10], we have
C ⊗Cµ3 (Cµ3)sh ∼= Csh.
Then a strict Henselization of P2 (for Henselization of a stack, see [4,
§2.7]) takes the form
[Spec(C)/µ3]×Spec(Cµ3 ) Spec((Cµ3)sh) ∼= [Spec(Csh)/µ3].
We have, µ3-equivariantly,
Csh ∼= ∆sh/(δxδyδz − t3)
at a point where three components meet. Hence upon taking µ3-invariants,
(Cµ3)sh ∼= (Csh)µ3 ∼= (∆sh)µ3/(δxδyδz − f).
The ring (∆sh)µ3 is a strict Henselization of affine 3-space over B and
hence is regular. A similar analysis takes care of the regularity at a point
where two components meet. So, P3 is regular.
6. Reverse construction
In this section, we start with a mildly degenerating Brauer-Severi sur-
face bundle and carry out the reverse construction of Proposition 4.4.
For every s ∈ D, the fiber Xs has, geometrically, three irreducible
components. Lemma 2.9 determines a degree 3 finite e´tale cover
D˜ := π0(X
sm/S)×S D → D.
For s ∈ D, let Spec(B)→ S be an e´tale neighborhood of s that trivializes
D˜ → D. By Remark 2.10, the three sections of
Spec(B)×S D˜ → Spec(B)×S D
determine three divisors W1, W2, W3 on Spec(B)×S X , whose intersec-
tions with the fiber Xs of any s ∈ Spec(B) ×S D are the irreducible
components of Xs. Let w1, w2, w3 be respective local defining equations
of the divisors near a singular point r ∈ Xs. Then, after modification by
a unit, we have f = w1w2w3.
We claim, there is an e´tale local equation
w1w2w3 − f, respectively, w1w2 − f,
(after suitable renumbering of indices) for Spec(B)×SX in A3B, according
to whether x is a point of Xs where 3 or 2 components meet.
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To establish the claim, we argue as in Section 5. Let m ⊂ B be the
maximal ideal corresponding to s and n = dim(Bm). We may choose a
regular system of parameters for Bm of the form f , g1, . . . , gn−1. The
space n/n2 has dimension n + 2. Since the fiber Xs has hypersurface
singularities, at a singular point r ∈ Xs with corresponding maximal
ideal n ⊂ OX,r we have
dim(n/(mOX,r + n2)) = 3.
The claim follows, as in Section 5, once we show that n/(mOX,r + n2) is
spanned by w1, w2, w3, respectively by two of them and a local parameter
for the component P1 of the singular locus of the fiber.
We have
dim((mOX,r + n2)/n2) = n− 1.
The image of f in OX,r lies in n2. Indeed, if not, then OX,r/(f) would
be regular, hence also the further localization, where we pass to the
residue field at the generic point of D, would be regular. But the relative
singular locus of X ×S D over D is flat (since it has constant Hilbert
polynomial), hence some point of the singular locus over the generic
point of D specializes to r, contradiction. So, the images of g1, . . . , gn−1
form a basis of (mOX,r+n2)/n2. Now, modulo g1, . . . , gn−1, we still have
f = w1w2w3, where f = 0 now defines the fiber Xs, and hence w1, w2,
w3 define its three irreducible components, each with multiplicity one.
Suppose, first, that r is the point where all three components meet.
Then, for all {i, j, k} = {1, 2, 3} the classes of wj and wk are a basis of
n/(mOX,r + wiOX,r + n2). So, the classes of w1, w2, w3 are a basis of
n/(mOX,r + n2), and we are done in this case.
If r is a point where two components meet, say, those defined by w1
and w2, then for {i, j} = {1, 2} and local parameter p for the component
P1 of the singular locus, wj and p are a basis of n/(mOX,r+wiOX,r+n2).
It follows that w1, w2, p span n/(mOX,r + n2), and we are done in this
case as well.
The claim implies the corresponding singularity type of 3
√
(S,D)×SX ,
where we have f = t3 in the coordinate ring of an affine e´tale chart. The
two blowing up steps therefore supply a resolution of singularities of
3
√
(S,D) ×S X . The three contractions then may be performed, as in
Section 5, noticing by the normal cone description of Proposition A.9
that the outcome of each contraction is regular.
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7. Regular degeneracy locus implies mild degeneration
In this section we complete the proof of Proposition 4.4 by showing
that a Brauer-Severi surface bundle π : X → S with X regular and sin-
gular fibers precisely along a regular divisor D ⊂ S, always has mild
degeneration. We may assume that S is quasi-compact and integral. We
consider various cases, depending on the dimension of S.
If dim(S) = 1 then dim(X) = 3, hence if s ∈ S is any closed point
then 3 is an upper bound on the embedding dimension of Xs at any of
its closed points. So X → S has mild degeneration.
If dim(S) = 2 then by the previous case we know that the fiber at the
generic point of every component of D is, geometrically, a union of three
Hirzebruch surfaces. So, there is an open subscheme S ′ of S such that
S ′ ×S X → S ′ has mild degeneration and dim(S r S ′) = 0.
We apply the reverse construction (Section 6) to S ′ ×S X → S ′ to
obtain a smooth P2-bundle
P ′ → S ′ ×S 3
√
(S,D).
By Proposition 2.1 (iii), this extends to a P2-bundle
P → 3
√
(S,D).
We now apply the forwards construction to obtain a mildly degenerating
Brauer-Severi surface bundle πˆ : X̂ → S.
By Remark 4.2 and the fact that a line bundle, ample on fibers, is rel-
atively ample, we have the ampleness of the dual of the relative dualizing
sheaf of X̂ → S. This holds as well for X → S, where the ampleness on
geometric fibers over S r S ′ is dealt with by [27, 4.5.14], which tells us
that ampleness of a line bundle on a Noetherian scheme is independent
of any non-reduced structure, in combination with the fact that a cone
over a twisted cubic curve has Picard group isomorphic to Z.
Since
X ∼= Proj (⊕
n≥0
π∗(ω
∨
X/S)
n
)
and X̂ ∼= Proj (⊕
n≥0
πˆ∗(ω
∨
X̂/S
)n
)
,
where the direct image sheaves are locally free for all n ≫ 0 with iso-
morphic restrictions over S ′, they are isomorphic for all n ≫ 0, hence
X ∼= X̂ is a Brauer-Severi surface bundle with mild degeneration.
We observe that the argument for dim(S) = 2 does not use the regu-
larity of X , but only the flatness of X → S and the regularity of S ′×SX .
The case dim(S) ≥ 3 reduces to the case dim(S) = 2 by slicing the
base. Let s ∈ S be a point where the geometric fiber is irreducible with
reduced subscheme a cone over a twisted cubic curve. Let f , g1, . . . ,
gd−1 be a regular system of parameters for OS,s, and let T be the regular
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two-dimensional scheme Spec(OS,s/(g2, . . . , gd−1)). Let Y := T ×S X .
We claim, Y rYs is regular. This is clear at points in the relative smooth
locus of Y r Ys → T r {s}. Consider the generic point η of T ∩D with
corresponding maximal ideal m ⊂ OS,η, and a closed point r ∈ (Xη)sing,
with corresponding maximal ideal n ⊂ OX,r. We use the exact sequence
0→ (mOX,r + n2)/n2 → n/n2 → n/(mOX,r + n2)→ 0.
The space in the middle has dimension d + 1, on the right, 3, hence on
the left, d− 2. The space m/m2 has dimension d− 1 and is spanned by
f , g2, . . . , gd−1. Moreover, f lies in the kernel of
m/m2 → (mOX,r + n2)/n2.
So g2, . . . , gd−1 are linearly independent in n/n
2, and hence OY,r is reg-
ular.
By the observation made after the argument for the case dim(S) =
2, we may conclude that Y → T has mild degeneration, and this is a
contradiction.
8. Local analysis I
For the next result we use the notation of Section 5 but work with
schemes with µ3-action: P
′ will denote Proj(B′[u, v, w]), so P̂ = [P ′/µ3],
etc.
Proposition 8.1. With the notation as remarked above, ω∨P ′2/Spec(B′)
is
very ample over Spec(B′), and formation of its global sections commutes
with base change to an arbitrary Noetherian scheme over Spec(B′). Iden-
tifying the pullback of ω∨P ′2/Spec(B′)
to BℓP˜ ′
λ
(BℓP ′c(BℓP ′µP
′)) with
ω∨ − 2E1 − E2 −E3
and sections with cubic forms in u, v, w vanishing appropriately along
the Ei, the sections form a free B
′-module with basis
t3w3, t2uw2, tvw2, tu2w, uvw, t2v2w, t3u3, t2u2v, tuv2, t3v3.
The identification of line bundles in Proposition 8.1 comes from the
observation that the line bundle associated with ω∨−2E1−E2−E3 is the
dual of the relative dualizing sheaf of BℓP˜ ′
λ
(BℓP ′c(BℓP ′µP
′)) over Spec(B′)
(by standard behavior of dualizing sheaf under blowing up) and under
the morphism to P ′2 has direct image ω
∨
P ′2/Spec(B
′).
Proof. The observation from Remark 4.2, that the line bundle ω∨P ′2/Spec(B′)
on fibers is very ample with space of global sections of dimension 10,
implies the assertions in the first statement.
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For the remaining assertion, we compute with local charts. We work,
first, over the open subscheme
W ′ := Spec(B′[u, v])
of P ′ and use notation with the letter P replaced byW to denote restric-
tion over W ′. The blowup BℓW ′µW
′ is covered by three charts:
Chart 1: coordinates u, t1, v1 with t = ut1 and v = uv1. Equation for
E1: u = 0; equation for W
′
c: u = v1 = 0.
Chart 2: coordinates v, t2, u2 with t = vt2 and u = vu2. Equation for
E1: v = 0; trivial intersection with W
′
c, equation for W˜
′
λ: t2 = u2 = 0.
Chart 3: coordinates t, u3, v3 with u = tu3 and v = tv3. Equation for
E1: t = 0; equation for W
′
c: t = v3 = 0.
The next blowup BℓW ′c(BℓW ′µW
′) is covered by five charts, Chart 2
and:
Chart 1′: coordinates u, t1, v
′
1 with v1 = uv
′
1. Equation for E2: u = 0;
equation for W˜ ′λ: t1 = v
′
1 = 0.
Chart 1′′: coordinates t1, v1, u
′′ with u = v1u
′′. Equation for E2:
v1 = 0; trivial intersection with W˜
′
λ.
Chart 3′: (analogous)
Chart 3′′: (analogous)
The next blowup BℓW˜ ′
λ
(BℓW ′c(BℓW ′µW
′)) is covered by seven charts, of
which we need just two:
Chart 1′a: coordinates u, t1, v
′
1,a with v
′
1 = t1v
′
1,a. Equation for E3:
t1 = 0.
Chart 2a: coordinates v, t2, u2,a with u2 = t2u2,a. Equation for E3:
t2 = 0
The union of charts 1′a and 2a contains the generic point of every
component of E1, E2, and E3 over W
′. With cyclic shifts of variables
u, v, w we have additional affine opens U ′ and V ′ of P ′ with analogous
charts of the blow-ups. By considering the analogous charts, too, we find
that sections of ω∨ − 2E1 − E2 − E3 are cubic forms in u, v, w with
coefficients in B′, such that after applying any cyclic permutation of u,
v, w and setting w to 1 the image in the coordinate ring of Chart 1′a lies
in the ideal
u3t1B[u, t1, v
′
1,a]/(u
3t31 − f),
and the image in the coordinate ring of Chart 2a lies in the ideal
v2t2B[v, t2, u2,a]/(v
3t32 − f).
BRAUER-SEVERI SURFACE BUNDLES 27
We compute with respect to the basis of degree 3 monomials in u, v,
w. The kernel of
B′10 → (B/f)[u, t1, v′1,a]/(u3t1)
may be computed with the help of the observation that the map factors
through ((B/f)[t]/(t3))10, which along with (B/f)[u, t1, v
′
1,a]/(u
3t1) is a
free B/f -module. The kernel of
B′10 → (B/f)[v, t2, u2,a]/(v2t2)
may be computed similarly. These computations lead to the determina-
tion of the module of such forms as the free module with the claimed
basis. 
9. Local analysis II
We exhibit a Brauer-Severi surface fibration over a two-dimensional
base, with singular fibers along a union of two intersecting divisors and
smooth total space. For conic bundles this is easy:
Proj(k[s, t, x, y, z]/(sx2 + ty2 + z2)).
This conic bundle over A2 = Spec(k[s, t]) has smooth total space and
singular fibers along the divisor defined by st = 0.
For Brauer-Severi surface bundles this is more complicated. Over the
generic point, the fiber is an anticanonically embedded Brauer-Severi
surface, defined in P9 by
10 · 11
2
− h0(P2, (ω∨P2)2) = 55− 28 = 27
quadratic equations. We will obtain a equations for a Brauer-Severi
surface bundle over A2 with smooth total space and singular fibers along
the union of coordinate axes by applying results from §4. The existence
of such a Brauer-Severi surface bundle has been shown by Maeda [47]
using different methods (ideals and orders in a central simple algebra).
Let k be a field of characteristic different from 3 containing a primitive
cube root of unity ζ , and let µ3 × µ3 act on A2 × P2 over k, where cube
root of unity ζ in the first factor acts by
(s, t, u : v : w) 7→ (ζs, t, ζu : ζ2v : w)
and in the second factor acts by
(s, t, u : v : w) 7→ (s, ζt, w : u : v).
Then
[(A2 r {0})× P2/µ3 × µ3]
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is a smooth P2-fibration satisfying the hypotheses of Proposition 4.4.
There is a corresponding mildly degenerating Brauer-Severi surface bun-
dle
π : X → A2 r {0}. (9.1)
By Proposition 8.1 applied to the pullback
π′ : X ′ → A2 r {0} (9.2)
of π by (s, t) 7→ (s3, t3), first restricted over A1 × (A1 r {0}) and then
restricted (A1 r {0}) × A1, the space of global sections of ω∨X′/A2r{0} is
the intersection of
S :=
k[s, t, t−1]〈s3w3, s2uw2, svw2, su2w, uvw, s2v2w, s3u3, s2u2v, suv2, s3v3〉
and
T :=
k[s, s−1, t]〈t3w˜3, t2u˜w˜2, tv˜w˜2, tu˜2w˜, u˜v˜w˜, t2v˜2w˜, t3u˜3, t2u˜2v˜, tu˜v˜2, t3v˜3〉,
where
u˜ = ζu+ ζ2v + w,
v˜ = ζ2u+ ζv + w,
w˜ = u+ v + w.
Indeed, the action of cyclically permuting the coordinates u, v, w is
compatible with the diagonal action by ζ , ζ2, 1 on u˜, v˜, w˜.
Only nonnegative powers of s and t show up in an element of S ∩ T .
For a polynomial f ∈ k[s, t, u, v, w], homogeneous of degree 3 in u, v, w:
• if s3 | f , then f ∈ S;
• if t3 | f , then f ∈ T ;
• generally, if we write
f =
∑
a,b≥0
satbfab, with fab ∈ k[u, v, w],
for all a and b, then f ∈ S if and only if safab ∈ S for all a and
b, and f ∈ T if and only if tbfab ∈ T for all a and b.
We easily characterize the homogeneous f ∈ k[u, v, w] of degree 3 with
saf ∈ S for a ≤ 2:
a k-basis
0 uvw
1 above and u2w, vw2, uv2
2 above and uw2, v2w, u2v
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Similarly, with a bit of linear algebra we characterize the homogeneous
f ∈ k[u, v, w] of degree 3 with tbf ∈ T for b ≤ 2:
b k-basis
0 u3 + v3 + w3 − 3uvw
1 and u2w + ζvw2 + ζ2uv2, uw2 + ζv2w + ζ2u2v, u3 + ζ2v3 + ζw3
2 and u2w + ζ2vw2 + ζuv2, uw2 + ζ2v2w + ζu2v, u3 + ζv3 + ζ2w3
With these data, we determine the space of f with satbf ∈ S ∩ T for
0 ≤ a, b ≤ 2 as trivial when min(a, b) = 0 and of dimension a + b − 1
when 1 ≤ a, b ≤ 2. E.g., for a = b = 1 the only linear combination of
uvw, u2w, vw2, uv2 that belongs to the space inducated for b = 1 is, up
to scalar multiplication, u2w + ζvw2 + ζ2uv2. We deduce that S ∩ T is
the free k[s, t]-module with basis
t3uvw, st(u2w + ζvw2 + ζ2uv2), st2(u2w + ζ2vw2 + ζuv2),
st3(u2w + vw2 + uv2), s2t(uw2 + ζv2w + ζ2u2v),
s2t2(uw2 + ζ2v2w + ζu2v), s2t3(uw2 + v2w + u2v),
s3(u3 + v3 + w3 − 3uvw), s3t(u3 + ζ2v3 + ζw3), s3t2(u3 + ζv3 + ζ2w3).
By Proposition 8.1, the basis of S∩T defines a morphismX ′ → A2×P9.
With linear algebra, we find f1, . . . , f27 ∈ k[s, t, x0, . . . , x9] that are
• homogeneous of degree 2 in x0, . . . , x9 and at most linear in s, t.
• zero upon substituting s3 for s, t3 for t, and the ith basis element
for xi−1, for every i,
• linearly independent over k(s, t).
The polynomials are displayed in Table 1. The conditions imply that
Proj(k(s, t)[x0, . . . , x9]/(f1, . . . , f27))
is the Brauer-Severi surface that appears as generic fiber of π.
Lemma 9.1. Let f1, . . . , f27 be as in Table 1, where k is a field of
characteristic different from 3 with primitive cube root of unity ζ. Then
k[s, t, x0, . . . , x9]/(f1, . . . , f27) is finitely generated and free as a module
over k[s, t, x0, x1, x7], with basis 1, x2, x3, x4, x5, x
2
5, x6, x8, x9.
Proof. Using the relations fi = 0 for i = 1, . . . , 27 we write down 9 ×
9-matrices for the action of multiplication by xi on the claimed basis
elements for i ∈ {2, 3, 4, 5, 6, 8, 9}. The matrices, as may be checked,
commute pairwise and obey relations corresponding to f1, . . . , f27. So
the evident homomorphism from k[s, t, x0, . . . , x9]/(f1, . . . , f27) to the free
k[s, t, x0, x1, x7]-module of rank 9 is an isomorphism. 
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i fi
1 −3ζ2x0x4 − x1x3 + x22
2 −tx21 + 3ζx0x5 + x2x3
3 −tx1x2 − 3x0x6 + x23
4 (ζ − ζ2)x0x7 − x1x5 + x2x4
5 (1− ζ2)x0x8 − x1x6 + x3x4
6 −(ζ − ζ2)x0x9 − tx1x4 + x3x5
7 ζ2x1x6 + ζx3x4 + x2x5
8 1−ζ
2
3
x1x8 − 1−ζ23 x2x7 + x24
9 1−ζ
3
x1x9 − 1−ζ3 x3x7 + x4x5
10 ζ2tx1x4 + ζx3x5 + x2x6
11 −x3x7 + (1− ζ)x4x5 + x2x8
12 −tx1x7 + (1− ζ2)x25 + x2x9
13 −9sx20 + ζtx1x5 + ζ2tx2x4 + x3x6
14 −3(1− ζ2)sx0x1 − tx1x7 + (1− ζ)x25 + x3x8
15 −3(1− ζ)sx0x2 − tx2x7 + (1− ζ2)tx24 + x3x9
16 3ζsx0x1 − x25 + x4x6
17 −(1− ζ)sx21 − ζx5x7 + x4x8
18 −(1− ζ2)sx1x2 − ζ2x6x7 + x4x9
19 3ζ2sx0x2 − tx24 + x5x6
20 −(1 − ζ)sx1x2 − ζx6x7 + x5x8
21 −(1− ζ2)sx22 − ζ2tx4x7 + x5x9
22 −3sx0x3 − tx4x5 + x26
23 −(1− ζ2)sx1x3 + (ζ − ζ2)sx22 − ζtx4x7 + x6x8
24 −(1− ζ)sx2x3 − ζtx4x8 + x6x9
25 −3ζsx1x4 − x7x9 + x28
26 −3ζ2sx1x5 − 3ζsx2x4 − tx27 + x8x9
27 −3ζ2sx2x5 − tx7x8 + x29
Table 1. The polynomials f1, . . . , f27 ∈ k[s, t, x0, . . . , x9].
Lemma 9.1 implies that the ideal (f1, . . . , f27) of k[s, t, x0, . . . , x9] is
prime. Indeed, the ideal is saturated with respect to x0, . . . , x9 (e.g.,
x0g ∈ (f1, . . . , f27) implies g ∈ (f1, . . . , f27) for g ∈ k[s, t, x0, . . . , x9]),
and the ideal generated by f1, . . . , f27 in k(s, t)[x0, . . . , x9] defines an
anticanonically embedded Brauer-Severi variety. So the latter ideal, and
hence also the former ideal, is prime.
Proposition 9.2. Let k be a field of characteristic different from 3 with
primitive cube root of unity ζ, π : X → A2r {0} and π′ : X ′ → A2r {0}
as in (9.1)–(9.2) and f1, . . . , f27 ∈ k[s, t, x0, . . . , x9] as in Table 1. The
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coherent sheaf π∗ω
∨
π is free of rank 10, and for some basis the scheme-
theoretic image in A2 × P9 is defined by the prime ideal (f1, . . . , f27) and
is a nonsingular variety, flat over A2. For an explicit basis of the free
coherent sheaf π′∗ω
∨
π′ of rank 10 the scheme-theoretic image in A
2× P9 is
defined by the ideal obtained from (f1, . . . , f27) by applying s 7→ s3 and
t 7→ t3, which is also prime. The fiber over s = t = 0 is an irreducible,
nonreduced scheme whose reduced subscheme is a cone over a twisted
cubic curve.
The explicit basis mentioned in the statement of Proposition 9.2 is the
one given above, as the basis of S ∩ T .
Proof. As remarked after Lemma 9.1, the ideal generated by f1, . . . , f27
is prime, and the same holds after applying s 7→ s3 and t 7→ t3. These
facts, plus the remark about Proj(k(s, t)[x0, . . . , x9]/(f1, . . . , f27)) made
before Lemma 9.1, justify the statements about scheme-theoretic image.
We directly analyze the fiber over s = t = 0. First, the reduced
subscheme is contained in the locus x3 = x5 = x6 = x8 = x9 = 0, as we
see directly from the defining equations. The defining equations with
s = t = x3 = x5 = x6 = x8 = x9 = 0
no longer involve x1. There are three equations, quadratic in x0, x2, x4,
x7, the equations of a twisted cubic. So the reduced subscheme of the
fiber is a cone over a twisted cubic. The coordinate point
p0 = (1 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0)
lies on the fiber and has Zariski tangent space of dimension 3. But p0 is
smooth point of the reduced subscheme. So, the fiber is nonreduced.
Now we consider the variety
Proj(k[s, t, x0, . . . , x9]/(f1, . . . , f27)).
Flatness over A2 follows from Lemma 9.1. It remains to show that this
is a nonsingular variety. For this, we let the two-dimensional torus G2m
act on A2 by (δ, ε) · (s, t) = (δ3s, ε3t) and on P9 by sending (x0 : · · · : x9)
to
(ε3x0 : δεx1 : δε
2x2 : δε
3x3 : δ
2εx4 : δ
2ε2x5 : δ
2ε3x6 : δ
3x7 : δ
3εx8 : δ
3ε2x9)
and thereby obtain a torus action on the variety defined by f1, . . . , f27.
Suppose the variety is singular. Since the singular locus is closed and
torus-invariant, it must contain a fixed point, i.e., a coordinate point,
of the fiber over s = t = 0. From the description above, we only have
to consider the coordinate points p0, p1, and p7. For each we specify 7
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defining equations and 7 variables:
point equations variables
p0 f1, f2, f3, f4, f5, f6, f13 s, x4, x5, x6, x7, x8, x9
p1 f1, f2, f4, f5, f8, f9, f17 s, t, x3, x5, x6, x8, x9
p7 f4, f8, f9, f17, f18, f25, f26 t, x0, x2, x3, x5, x6, x9
By direct computation we see that the corresponding Jacobian matrix at
each pi is nonsingular, and thus pi is a nonsingular point of the variety
defined by f1, . . . , f27. 
The proof of Theorem 1.2 proceeds as in the case of conic bundles [55]:
• Represent the generic fiber of π by a 3-torsion Brauer group el-
ement α ∈ Br(k(S)). Apply embedded resolution of singulari-
ties so that α is ramified along a simple normal crossing divisor
D1 ∪ · · · ∪Dℓ. Let R := 3
√
(S, {D1, . . . , Dℓ}) be the iterated root
stack; then by Remark 2.4, α is the restriction of an element
β ∈ Br(R).
Pass to a µ3-gerbe G → R whose class is a lift β0 ∈ H2(R, µ3)
of β. The restriction of π to π−1(U) is a smooth P2-bundle by
[36, Lem. 1.7]. So, there is a corresponding sheaf of Azumaya
algebras over U and a locally free sheaf of rank 3 over G ×R U .
This spreads out to a coherent sheaf E on G, which we may take
to be reflexive, hence [33] only failing to be locally free, if at all,
on a locus of codimension ≥ 3.
• By a standard construction (closure in Grassmannian of rank 3
quotients of E), followed by desingularization and destackification
[14], we may suppose that E is locally free and R is an iterated
root stack
3
√
(S˜, {D˜1, . . . , D˜m}) over a smooth projective variety
S˜. We may suppose, for every i, that over a general point of D˜i the
stabilizer action on the fiber of P(E) is balanced, since otherwise
it may be made trivial with suitable elementary transformations.
• After blowing up intersections of pairs and triples of divisors, we
may arrange that no triple of divisors intersects, and for every
pair of intersecting divisors, the corresponding projective repre-
sentation µ3×µ3 → PGL3 over a general point of the intersection
is faithful. The group-theoretic input to these assertions is the
fact that no more than two independent commuting copies of µ3
may be found in PGL3.
• Apply Proposition 4.4 to the complement of the intersections of
pairs of divisors, and Propositions 8.1 and 9.2 and Lemma 2.8 to
fill in the fibers over intersections of divisors.
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10. Application to rationality
Here we prove Theorem 1.4. We use a theorem of Voisin [64, Thm.
2.1], in the form of [21, Thm. 2.3]:
Theorem 10.1. Let k be an uncountable algebraically closed field, B a
variety over k, and φ : X → B a flat projective morphism with integral
fibers and smooth generic fiber. Suppose that there exists a b0 ∈ B such
that the fiber X0 := φ
−1(b0) satisfies:
(O) for some positive integer n, invertible in k, there is nontrivial
unramified cohomology of µn on X0;
(R) X0 admits a universally CH0-trivial resolution of singularities.
Then, for very general b ∈ B, the fiber Xb := φ−1(b) is not stably rational.
The reader may turn to [21] for the definitions of universally CH0-
trivial scheme and universally CH0-trivial morphism. For a proper geo-
metrically integral scheme X over a field ℓ, say of dimension d, a related
notion (equivalent, when X is smooth [21, Prop. 1.4]), is for X to admit
a Chow decomposition of the diagonal. This means that in the Chow
group CHd(X ×X) of d-dimensional cycles modulo rational equivalence,
the class [∆X ] of the diagonal of X is equal to a sum
Z + [X ]× z0
for some d-dimensional cycle Z supported on D×X , for a closed subset
D ( X , and 0-cycle z0 of degree 1 on X . If we let δX ∈ CH0(Xℓ(X))
denote the restriction of ∆X to Xℓ(X) := Spec(ℓ(X)) ×Spec(ℓ) X , this is
equivalent to:
(∗) X has a 0-cycle z0 of degree 1 and [δX ] = z0 in CH0(Xℓ(X)).
Condition (R), with CH0-trivial resolution of singularities X˜0 → X0,
implies the equivalence of (∗) on X0 and X˜0, hence the equivalence of
admitting a Chow decomposition of the diagonal. Chow decomposition
of the diagonal is obstructed by Condition (O) but implied by stable
rationality, while an argument with Chow schemes [21, App. B] (Chow
functors in case char(k) > 0 [34, §3]) shows that the k-points whose fibers
admit a Chow decomposition of the diagonal occupy a countable union
of closed subsets of B. An alternative approach, bypassing Chow groups,
appears in recent work [54], [40].
We return to Theorem 1.4, with char(k) 6= 2, 3, and smooth degree 2
del Pezzo surface S.
We first treat the case d = 3 and then explain the modifications to
deal with general d. The anticanonical morphism expresses S as double
34 ANDREW KRESCH AND YURI TSCHINKEL
cover of P2 branched along a nonsingular quartic curve R, which we take
to have defining equation h with respect to some coordinates.
Step 1. There exists a nonsingular cubic curve D0 meeting R in six
tangencies lying on a conic. Among the 28 bitangent lines to R, at
most 12 are hyperflexes, since the weighted count of Weierstrass points
of R is 24 and each hyperflex contributes 2; cf. [62]. Bitangent lines are
identified with odd theta characteristics, and it is known classically (see,
e.g., [26, §2]) that any set of 8 bitangent lines, which we may suppose
disjoint from the set of hyperflexes, contains a syzygetic triple ℓ, ℓ′, ℓ′′:
the six points of intersection with R lie on a conic f = 0. Using the same
symbols for defining linear forms and suitably rescaling h, we obtain by
Max Noether’s theorem a relation h = f 2+ℓℓ′ℓ′′ℓ′′′ for a fourth bitangent
ℓ′′′. Let j be a line in general position with respect to ℓ, ℓ′, ℓ′′ with
suitably scaled defining equation. Then we easily see that the cubic
g := ℓℓ′ℓ′′ − 2fj − j2ℓ′′′, appearing in the relation h = (f + jℓ′′′)2 + gℓ′′′,
is nonsingular and meets R in six tangencies.
Step 2. Let D˜0 → D0 be a nontrivial cyclic degree 3 e´tale cover,
determining (Remark 2.3) a 3-torsion element of Br(P2 r D0), which
extends (Remark 2.4) to an element of Br( 3
√
(P2, D0)), represented ([7],
[23]) by an index 3 division algebra at the generic point. As in the
proof of Theorem 1.2, it spreads out to a sheaf of Azumaya algebras
over 3
√
(P2, D0). We obtain an element γ0 ∈ H2( 3
√
(P2, D0), µ3), gerbe
G0 → 3
√
(P2, D0) with this class, and locally free coherent sheaf E0 of
rank 3 on G0 such that the pullback of the sheaf of Azumaya algebras
is End(E0). We perform base change via S → P2 to obtain reducible
curve D = D1 ∪ D2 with e´tale degree 3 cover D˜ → D, element γ ∈
H2( 3
√
(S,D), µ3), gerbe G→ 3
√
(S,D), and locally free coherent sheaf E
on G.
Step 3. Apply the deformation-theoretic machinery of [34, §4.3] to
exhibit:
• an exact sequence 0 → E˜ → E → Q→ 0, where Q is supported
on a divisor and is locally free there of rank 2, such that the space
of obstructions for E˜ vanishes.
• an e´tale neighborhood B of the point b0, corresponding to divisor
D and cyclic cover D˜, in the space of reduced nodal curves on
S with cyclic degree 3 e´tale cover, corresponding divisor D ⊂
B × S, root stack 3√(B × S,D), class Γ ∈ H2( 3√(B × S,D), µ3)
restricting to γ, gerbe G → 3√(B × S,D) restricting to G, locally
free coherent sheaf E˜ restricting to E˜.
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• a smooth P2-bundle P → 3√(B × S,D), which upon base change
to G yields P(E˜).
Step 4. Apply Proposition 4.4 to P to obtain a Brauer-Severi bundle
π : X → B × S satisfying the hypotheses of Theorem 10.1. Since, by
construction, the discriminant curve of the Brauer-Severi bundle X0 →
{b0} × S has two components and the Brauer class is given by cyclic
covers, nontrivial on each component and e´tale over the nodes, condition
(O) is satisfied. Condition (R) holds, since the singularities of X0 (which
lie over the nodes of the discriminant curve) are of toric type.
The case d > 3 is dealt with by taking D3 to be the pre-image in S
of a general curve C ⊂ P2 of degree d − 3 and defining D′0 := D0 ∪ C.
We pull back γ0 ∈ H2( 3
√
(P2, D0), µ3) and the gerbe G0 to obtain γ
′
0 ∈
H2( 3
√
(P2, D′0)
sm
, µ3) and a gerbe G
′
0. The pull-back of the locally free
coherent sheaf E0 has trivial µ3-stabilizer actions over points of C. By
performing suitable elementary transformations over the component of
the gerbe of the root stack over C, we may obtain balanced actions, com-
patible with those over D0. Then the smooth P
2-bundle corresponding to
the locally free sheaf has the same e´tale local isomorphism type as that
corresponding to E (Step 2). We thereby obtain an extension of γ′0 to
γ′′0 ∈ H2( 3
√
(P2, D′0), µ3), of G
′
0 to G
′′
0 → 3
√
(P2, D′0), and of E to a locally
free coherent sheaf on G′′0. We proceed with Steps 3 and 4, taking D to
be the union of D1, D2, and the pull-back D3 of C; the triviality of the
cyclic cover over D3 poses no problems in carrying out these steps.
Appendix A. Birational contractions
Let k be a field and X a scheme, proper over k. A line bundle L
on X is called semiample if Lm is globally generated for some m > 0.
Then the set M(X,L) of m ≥ 0, such that Lm is globally generated,
consists, for m ≫ 0, of precisely the multiples of a well-defined positive
integer, the exponent of M(X,L); cf. [44, §2.1.B]. We start by recalling
the contraction determined by a semiample line bundle.
Proposition A.1. Let X be a scheme, proper over a field k, with semi-
ample line bundle L and sections s0, . . . , sM ∈ H0(X,Lm) generating
Lm for some m > 0, thereby inducing a morphism ψ : X → PM . Let
Y = ψ(X), and write the Stein factorization of ψ as morphism
π : X → X ′
followed by finite morphism f : X ′ = Spec(ψ∗OX) → Y . We let OY (1),
respectively OX′(1) denote the restriction to Y , respectively the pull-back
to X ′ of the line bundle OPM (1), so π∗OX′(1) ∼= Lm. Then:
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(i) The morphism π : X → X ′ is proper and induces an isomorphism
OX′ ∼→ π∗OX .
(ii) For all n≫ 0 the line bundle OX′(n) is very ample, and for any
positive integer n such that OX′(n) is very ample, the morphism
X → PN determined by a basis of H0(X,Lmn) factors uniquely
through X ′, identifying X ′ with the image of X in PN .
(iii) With the property in (ii) the scheme X ′, with π : X → X ′, is
determined uniquely up to canonical isomorphism, independently
of the choice of m and the generating sections, and the powers of
L that are isomorphic to the pull-back of a line bundle from X ′
are precisely all multiples of the exponent of M(X,L).
Proof. We have stated, in (i), a basic property of the Stein factoriza-
tion; see [28, 4.3.1]. The first statement in (ii) follows from standard
facts on very ample line bundles [27, 4.4.10(ii), 5.1.6], and for the second
statement, using the isomorphism OX′ ∼= π∗OX we have
H0(X,Lmn) ∼= H0(X ′,OX′(n)), (A.1)
so for n such that OX′(n) is very ample, a choice of basis compatibly
maps X to PN and embeds X ′ in PN . The factorization is unique, and
by (i), identifies X ′ with the image of X → PN . For (iii), if s˜0, . . . , s˜M˜ is
another collection of generating sections of Lm, leading to π˜ : X → X˜ ′,
then for n such that OX′(n) and OX˜′(n) are very ample, X ′ and X˜ ′ are
both identified with the image of X → PN , as in (ii). The isomorphism
X ′ ∼= X˜ ′ obtained this way is independent of n: it suffices to compare
the isomorphisms arising from n, leading to X → PN , and dn, for some
d > 0, leading to X → PN ′, but these are compatible with the d-tuple
Veronese embedding of PN and the rational map from PN
′
corresponding
to
Symd(H0(X,Lmn))→ H0(X,Ldmn).
When π : X → X ′ and π˜ : X → X˜ ′ arise from different powers of L the
argument is similar, with pairs n and n˜ of positive integers chosen pro-
portionally to yield the same power of L in the respective isomorphisms
(A.1) with H0(X ′,OX′(n)) and H0(X˜ ′,OX˜′(n˜)). Taking, as powers of L,
two sufficiently large consecutive multiples of the exponent of M(X,L)
yields respective line bundles OX′(1), such that the pull-back of their dif-
ference is isomorphic to Ld, where d denotes the exponent of M(X,L).
If a line bundle L′ on X ′ satisfies π∗L′ ∼= Le for some e > 0 then L′ is
ample, so all sufficiently large powers of L′ are globally generated and
thus e is divisible by d. 
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A morphism satisfying the properties stated in (i) is called a contrac-
tion and is necessarily surjective with geometrically connected fibers [28,
4.3.2, 4.3.4]. We call this the contraction determined by L.
Below we present a result which encompasses the following examples.
Example A.2. We suppose X is smooth and projective over k of di-
mension n, with ample line bundle L0, and effective divisor E ⊂ X .
(i) If E ∼= Pn−1 with normal bundle NE/X ∼= OPn−1(−1), and m
denotes the positive integer with L0|E ∼= OPn−1(m), then L :=
L0(mE) is semiample and determines a contraction
X ∼= Bℓ{p}X ′ → X ′
of E to a k-point p on a nonsingular projective variety X ′.
(ii) If n = 3 and E ∼= P1 × P1, with NE/X ∼= OP1×P1(−1,−1) and
L0|E ∼= OP1×P1(m1, m2), then L := L0(min(m1, m2)E) is semi-
ample and determines a contraction
X ∼= BℓCX ′ → X ′
for a curve C ∼= P1 on nonsingular X ′ with NC/X′ ∼= OP1(−1)2,
when m1 6= m2, respectively
X ∼= Bℓ{p}X ′ → X ′
for a k-point p ∈ X ′ with an ordinary double point singularity,
when m1 = m2.
When dim(X) = 2, Example A.2(i) is the contraction theorem of
Castelnuovo and Enriques and leads to minimal models of algebraic sur-
faces. The case of dimension at least 3 requires the sophistication of the
minimal model program (see [37] for a survey), including the observation
that a curve class (modulo numerical equivalence), which meets a canon-
ical divisor positively and is extremal in the cone of effective classes,
uniquely determines a contraction. Mori, in dimension 3, identifies five
kinds of divisorial contractions [51, Thm. 3.3], including the ones given in
Example A.2; we see already the possibility of contraction to a singular
point, which is essential for the theory. The results below on divisorial
contractions to a point (Proposition A.3) and to a general subscheme
(Proposition A.7) are essentially contained in [51, Lem. 3.32]; a relative
version is presented in Proposition A.9.
An important ingredient, already appearing in loc. cit., is the following
notion [52]: an ample line bundle L on a projective scheme X is normally
generated if
SymnH0(X,L)→ H0(X,Ln)
is surjective for every positive integer n.
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Proposition A.3. Let X be a projective scheme over k with ample line
bundle L0 and effective Cartier divisor E ⊂ X with H0(E,OE) = k
(this is the case, e.g., when geometrically E is connected and reduced).
Suppose that N∨E/X is ample, with L0|E ⊗ (NE/X)m a torsion line bundle
for some m > 0. Assume, furthermore, that N∨E/X is normally generated,
and H1(E, (N∨E/X)
n) = 0 for all n > 0. Then L := L0(mE) is semiample
with exponent of M(X,L) equal to the order of L0|E⊗(NE/X)m in Pic(E)
and determines a contraction X ∼= Bℓ{p}Y → Y of E to a k-point p ∈ Y
such that the local ring OY,p has associated graded k-algebra isomorphic
to
⊕
H0(E, (N∨E/X)
n).
Proof. Replacing L0 by some power, we may suppose L0 is very ample
with H1(X,L0) = 0, the restriction of L to E is trivial, and m ≥ 2. Now,
we claim, H1(X,L0(jE)) = 0 for 0 ≤ j < m. We have this for j = 0,
and we argue by induction on j using the exact sequence in cohomology
associated with
0→ L0((j − 1)E)→ L0(jE)→ (N∨E/X)m−j → 0.
Then, by considering the sequence for j = m we find that L has a global
section which restricts to a nonzero constant on E (under L|E ∼= OE).
Furthermore, by the sequence for j = m − 1 we may lift a basis of
H0(E,N∨E/X) to global sections of L, vanishing along E. We may view,
as well, all the global sections of L0 as global sections of L. So we see
that L is globally generated, and the induced morphism to its image Y in
projective space collapses E to a point p, such that the scheme-theoretic
pre-image of p is E, and X r E ∼= Y r {p}. Let us denote by IE the
ideal sheaf of E, so IE/I2E ∼= N∨E/X . Then we see from these two cases of
the sequence,
mp/m
2
p → H0(E, IE/I2E)
is surjective. Again replacing L0 with a tensor power we may suppose
that the morphism π : X → Y given by the global sections of L induces an
isomorphism OY ∼→ π∗OX . Then by the Theorem on Formal Functions,
we have an isomorphism
ÔY,p ∼→ lim←−H
0(X,OX/InE). (A.2)
We claim, the isomorphism (A.2) comes from isomorphisms
OY,p/mnp → H0(X,OX/InE)
for every n.
We begin by observing, using the H1-vanishing hypothesis, that
H0(X, IiE/Ij+1E )→ H0(X, IiE/IjE) (A.3)
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is surjective for all i < j. We will use this fact several times in the
remainder of the proof.
By the normal generation hypothesis, for every j, the homomorphism
H0(E, IE/I2E)⊗H0(E, Ij−1E /IjE)→ H0(E, IjE/Ij+1E ),
given by multiplication, is surjective. Combining this with the observa-
tion about mp/m
2
p, we have the surjectivity of
mp/m
2
p ⊗H0(E, Ij−1E /IjE)→ H0(E, IjE/Ij+1E ).
We see more generally that if s1, . . . , sℓ denote lifts of a basis of mp/m
2
p
to the coordinate ring of an affine neighborhood of p, then multiplication
by s1, . . . , sℓ induces surjective
H0(X, IiE/IjE)ℓ → H0(X, Ii+1E /Ij+1E ) (A.4)
for all i < j. Indeed, we have the exact sequences
0→ H0(X, Ij−1E /IjE)ℓ → H0(X, IiE/IjE)ℓ → H0(X, IiE/Ij−1E )ℓ → 0
(A.5)
and
0→ H0(X, IjE/Ij+1E )→ H0(X, Ii+1E /Ij+1E )→ H0(X, Ii+1E /IjE)→ 0,
(A.6)
with compatible vertical maps given by multiplication with s1, . . . , sℓ.
Induction on j for each fixed i establishes the surjectivity of (A.4).
If we regard i as fixed and apply to (A.4) the general fact that an in-
verse system of surjective linear maps of finite-dimensional vector spaces
induces a surjective map of inverse limits, then we find,
mp lim←−H
0(X, IiE/InE) = lim←−H
0(X, Ii+1E /InE). (A.7)
An inductive argument now shows that we have an isomorphism
mipÔY,p ∼→ lim←−H
0(X, IiE/InE), (A.8)
for every i. The case i = 0 is (A.2), and from (A.8) we have an isomor-
phism of the respective ideals generated on each side by mp, which with
(A.7) gives us the inductive step.
The claim is now immediate from (A.2) and (A.8). Notice that the
claim implies that for every n we have an isomorphism
mn−1p /m
n
p → H0(E, In−1E /InE). (A.9)
The statement concerning the associated graded ring ofOY,p in the propo-
sition is immediate from (A.9). By the universal property of blowing up,
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we obtain a unique morphism X → Bℓ{p}Y factorizing π, whose restric-
tion to E is given by
E ∼= Proj (⊕H0(E, InE/In+1E )) ∼→ Proj (⊕mnp/mn+1p ).
Now X → Bℓ{p}Y is a morphism of projective schemes, such that the
scheme-theoretic pre-image of every point of Bℓ{p}Y is a reduced point
with the same residue field. By [29, 18.12.6], this must be a closed
immersion. But the exceptional divisor of the blow-up is an effective
Cartier divisor, over the complement of which we have an isomorphism,
hence X → Bℓ{p}Y is an isomorphism. 
For the version of Proposition A.3 which allows contraction to a more
general variety than a point, we need relative versions of the hypotheses.
A relative version of the hypothesis H0(E,OE) = k is to be given a flat
contraction morphism E → F , and the conclusion will be that this is
determined by L|E .
Lemma A.4. Let Y = Spec(A) be a Noetherian affine scheme, π : X →
Y a flat projective morphism, L an ample line bundle on X, and y ∈ Y a
point such that the restriction Ly of L to the fiber Xy is very ample (resp.
is normally generated) and satisfies H1(Xy, L
n
y ) = 0, for n = 1 (resp. for
all n > 0). Then there exists an open subscheme U ⊂ Y with y ∈ U such
that relative to X ×Y U → U the restriction of L is very ample (resp. is
very ample with
SymnH0(X ×Y U, L)→ H0(X ×Y U, Ln)
surjective for all n > 0).
Proof. By the machinery of cohomology and base change, we may replace
Y by a Zariski neighborhood of y, such that the coherent sheaf π∗L
is locally free and its formation commutes with arbitrary base change.
Since Ly is globally generated, the cokernel of π
∗π∗L → L has trivial
fiber over y, hence may be assumed to vanish if we shrink Y further. We
obtain a morphism X → P((π∗L)∨) over Y , and this restricts to a closed
immersion of Xy since Ly is very ample. The support of the cokernel of
OPN
Y
→ OX is disjoint from Xy, hence by further shrinking we find that
L is relatively very ample. There exists n0 such that
SymnH0(X,L)→ H0(X,Ln)
is surjective for all n > n0 (consequence of the vanishing of H
1 of all
sufficiently large twists of the ideal sheaf of X in P(H0(X,L)∨)). Now
suppose that Ly is normally generated. Then, as above, we may suppose
that π∗L
n is locally free and its formation commutes with arbitrary base
change for all 1 ≤ n ≤ n0. For all such n, we consider the cokernel
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of SymnH0(X,L) → H0(X,Ln), which may be assumed to vanish by
shrinking Y , and thus we have the desired conclusion when Ly is normally
generated. 
Lemma A.5. Let X be a scheme, with projective morphism π : X → S
to a Noetherian scheme S and relatively ample line bundles L and M .
Then for every coherent sheaf F on X there exists n ∈ N, such that
Riπ∗(F ⊗ La ⊗M b) = 0 for all i > 0 and a, b ∈ N with max(a, b) ≥ n.
Proof. We immediately reduce to the case S when is affine. Using the
ampleness of L and M , we reduce further to establishing the assertion
with max(a, b) replaced by min(a, b). By considering F twisted by various
powers of L andM and replacing L andM with suitable powers, we may
suppose that L and M are very ample. By pushing forward F along the
closed immersion X → PℓS ×S PmS for some ℓ, m ∈ N determined by the
sections of L and M , we are reduced to proving the following assertion:
if F is a coherent sheaf on PℓS ×S PmS then there exists n ∈ N such that
H i(PℓS ×S PmS ,F(a, b)) = 0 for all a, b ∈ N with min(a, b) ≥ n.
Here, F(a, b) denotes the twist by the pullback ofOPℓ
S
(a) and the pullback
of OPm
S
(b). The proof is by descending induction on i, starting from the
case i = ℓ + m + 1, which is trivial by the vanishing of cohomology in
degrees greater than the relative dimension. For the inductive step, the
ampleness of OPℓ
S
×SP
m
S
(1, 1) implies the existence of c, d ∈ N such that
there is an exact sequence
0→ G → OPℓ
S
×SP
m
S
(−c,−c)⊕d → F → 0
of coherent sheaves. Twisting and applying the induction hypothesis and
known cohomology of line bundles on PℓS×SPmS , we obtain the result. 
Lemma A.6. Let X be a scheme, with projective morphism π : X → S to
a Noetherian scheme S and line bundles L and M , such that locally on S
the line bundle L is semiample, determining a flat contraction ψ : X →
Y , and M is relatively ample. Suppose c, d ∈ N are such that for all
y ∈ Y the fiber Xy satisfies H i(Xy, (M |Xy)j) = 0 for all 1 ≤ i ≤ c and
j ≥ d. Then there exists n ∈ N such that
Riπ∗(L
a ⊗M b) = 0
for all 1 ≤ i ≤ c and a, b ∈ N such that b ≥ d and max(a, b) ≥ n.
Proof. As in the proof of the previous lemma, we may assume that S is
affine and observe that the pair of maps to projective spaces, determined
by suitable powers of L and M , leads to the vanishing of all higher
cohomology for min(a, b) ≥ n, for some n ∈ N. By ampleness, after
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possibly increasing n, we obtain the vanishing for all a, b ∈ N with
b ≥ n. Now we consider a fixed b with d ≤ b < n and e with 0 ≤ e < ℓ,
where ℓ is the exponent ofM(X,L), and apply the hypothesis, the Leray
spectral sequence, and the machinery of cohomology and base change to
obtain
H i(X,Laℓ+e ⊗M b) ∼= H i(Y,OY (a)⊗ ψ∗(Le ⊗M b)),
which by ampleness vanishes for sufficiently large a. This gives the result.

We recall [29, 6.10.1], a locally Noetherian scheme Y is said to be
normally flat along a closed subscheme F if IjF/Ij+1F is a locally free
sheaf of OF -modules for every j, where IF denotes the ideal sheaf of F .
Proposition A.7. Let X be a projective scheme over k with ample line
bundle L0 and effective Cartier divisor E ⊂ X. Suppose for some m >
0, the line bundle L0|E ⊗ (NE/X)m is semiample and determines a flat
contraction ψ : E → F . Suppose, furthermore, N∨E/X is ample relative to
ψ and on fibers is normally generated with vanishing H1 of all positive
powers. Then L := L0(mE) is semiample with exponent of M(X,L)
equal to exponent of M(E,L0|E⊗(NE/X)m) and determines a contraction
X ∼= BℓFY → Y of E to F such that Y is normally flat along F with
normal cone
Spec
(⊕
n≥0
ψ∗(N
∨
E/X)
n
)
.
Proof. Replacing L0 by some power, we may suppose that L0 is very
ample, with H1(X,L0) = 0, m ≥ 2, and L|E globally generated, with
sections defining ψ : E → F as in the statement. Since the tensor product
of a very ample line bundle and a globally generated line bundle is very
ample [27, 4.4.8], for every 1 ≤ a ≤ m− 1 the line bundle
(L0|E)m−a ⊗ (L0|E ⊗NmE/X)a ∼= (L0|E)m ⊗ (NE/X)am
is very ample. So, L0|E ⊗ (NE/X)a is ample for 1 ≤ a ≤ m− 1. Now we
claim,
H1(E, (L0|E)n1 ⊗ (NE/X)n2) = 0
for all sufficiently large n1 and 0 ≤ n2 < mn1. Indeed, Lemma A.5
applied to the pairs of line bundles L0|E⊗(NE/X)a−1 and L0|E⊗(NE/X)a
for a = 1, . . . , m − 1 takes care of the case 0 ≤ n2 ≤ (m − 1)n1. We
consider the pair of line bundles L|E (semiample) and M := L0|E ⊗
(NE/X)
m−1 (ample). Since the restriction of L to any fiber of ψ is trivial,
the restriction of M is isomorphic to the restriction of N∨E/X , and by
assumption H1 of all positive powers vanish. An application of Lemma
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A.6 completes the verification of the claim. As a consequence, after again
replacing L0 by a power, we may suppose that
H1(E,L0|E ⊗ (NE/X)j) = 0 (A.10)
for 0 ≤ j < m.
The exact sequence
0→ L0((j − 1)E)→ L0(jE)→ L0|E ⊗ (NE/X)j → 0
and an inductive argument lead to H1(X,L0(jE)) = 0 for 0 ≤ j < m.
By the vanishing for j = m− 1 and j = m− 2, the homomorphisms
H0(X,L)→ H0(E,L|E) and H0(X,L(−E))→ H0(E,L|E ⊗N∨E/X)
are surjective. It follows that L is globally generated, and if we let
π : X → Y denote the contraction that it determines, then the image
of the restriction of π to E is a copy of F in Y , such that the scheme-
theoretic pre-image of F under π is E. Moreover, π induces a surjective
homomorphism of sheaves
IF/I2F → ψ∗(IE/I2E). (A.11)
Let Y denotes the formal completion of Y along F . By the Theorem
on Formal Functions in the form [28, 4.1.5], π induces an isomorphism
OY ∼→ lim←− π∗(OX/I
n
E). (A.12)
We claim that the isomorphism (A.12) comes from isomorphisms
OY /InF ∼→ π∗(OX/InE), (A.13)
for every n.
We start by observing, by the machinery of cohomology and base
change, that the hypothesis of vanishing of H1 of positive powers of
N∨E/X implies R
1ψ∗(IjE/Ij+1E ) = 0 for all j > 0. A consequence is the
surjectivity of
π∗(IiE/Ij+1E )→ π∗(IiE/IjE) (A.14)
for all i < j. As a consequence, in the inverse system in (A.12) the
transition maps are epimorphisms, and the same holds with OX replaced
by any positive power of IE.
By Lemma A.4, the homomorphism
ψ∗(IE/I2E)⊗ ψ∗(Ij−1E /IjE)→ ψ∗(IjE/Ij+1E )
induced by π is surjective for all j. Combining this with (A.11) we have
the surjectivity of
IF/I2F ⊗ ψ∗(Ij−1E /IjE)→ ψ∗(IjE/Ij+1E ).
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The remainder of the argument follows closely the proof of Proposition
A.3. If V ⊂ Y is any affine open and s1, . . . , sℓ are sections that generate
IF |V as a sheaf of OV -modules, then multiplication by s1, . . . , sℓ induces
surjective
H0(U, IiE .IjE)ℓ → H0(U, Ii+1E /Ij+1E ) (A.15)
for all i < j, where U ⊂ X denotes the pre-image of V . We see this by
considering exact sequences, analogous to (A.5)–(A.6), but with sections
on U instead of X .
Fixing i and letting Kj denote the kernel of (A.15), we write the cor-
responding short exact sequences for consecutive values j = n − 1 and
j = n and connect them by homomorphisms of the form (A.14), to see
that the induced homomorphism of kernels Kn → Kn−1 is surjective.
After applying lim←− we obtain a short exact sequence, which tells us that
IF lim←−π∗(I
i
E/InE) = lim←−π∗(I
i+1
E /InE).
An inductive argument, as in the proof of Proposition A.3, shows that
we have an isomorphism
IiFOY ∼→ lim←−π∗(I
i
E/InE), (A.16)
for every i.
The claim is now immediate from (A.12) and (A.16). The claim implies
that for every n we have an isomorphism
In−1F /InF ∼→ ψ∗(In−1E /InE). (A.17)
The sheaf on the right is locally free by cohomology and base change,
hence Y is normally flat along F . The statement concerning the normal
cone in the proposition is immediate from (A.17). The conclusion of the
proof is exactly as in Proposition A.3. 
The general result and examples are valid as well in a relative setting.
If S is a Noetherian scheme and X is a scheme, proper over S, then we
call a line bundle L on X relatively semiample if over every affine open
subscheme of S some positive power of L is globally generated. Equiva-
lently, there exists m > 0 such that over every affine open subscheme Lm
is globally generated. The set of natural numbers m with this property
will be denoted by M(X/S, L), or just M(X,L) when no confusion will
arise. There is, as before, a well-defined exponent of M(X/S, L).
Proposition A.8. Let X be a scheme with a proper morphism ϕ : X →
S to a Noetherian scheme S, relatively semiample line bundle L, and
surjective morphism of sheaves ϕ∗E → Lm, for some m > 0, and coherent
sheaf E on S, thereby inducing a morphism
ψ : X → Proj(Sym• E).
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Let Y = ψ(X), and write the Stein factorization of ψ as proper morphism
π : X → X ′,
followed by finite morphism f : X ′ = Spec(ψ∗OX) → Y . We let OY (1),
respectively OX′(1) denote the restriction to Y , respectively the pull-back
to X ′ of OProj(Sym• E)(1), so π∗OX′(1) ∼= Lm. Then:
(i) The morphism π : X → X ′ is proper and induces an isomorphism
OX′ ∼→ π∗OX .
(ii) For all n≫ 0, the line bundle OX′(n) is relatively very ample over
S, and for any positive integer n such that OX′(n) is relatively
very ample, the morphism X → Proj(Sym• ϕ∗(Lmn)) determined
by the direct image of Lmn factors uniquely through X ′, identifying
X ′ with the image of X in Proj(Sym• ϕ∗(L
⊗n)).
(iii) With the property in (ii) the scheme X ′, with π : X → X ′, is
determined uniquely up to canonical isomorphism, independently
of the choice of m, coherent sheaf E , and morphism ϕ∗E → Lm,
and the powers of L that are isomorphic to the pull-back of a
line bundle from X ′ are precisely all multiples of the exponent of
M(X/S, L).
(iv) If ϕ is flat and there is a positive integer n such that for all i > 0,
Riϕ∗(L
n) = Riϕ∗(L
2n) = · · · = 0,
then the corresponding direct image sheaves are locally free, their
formation commutes with arbitrary base change S ′ → S, when
S ′ is Noetherian the pull-back of L to S ′ ×S X determines the
contraction S ′ ×S X → S ′ ×S X ′, and X ′ is flat over S.
Proof. As in Proposition A.1, (i) recalls a basic property of the Stein
factorization. For (ii), we have as before the first statment by stan-
dard facts on very ample line bundles. Letting ρ : X ′ → S denote
the structure morphism, using the isomorphism OX′ ∼= π∗OX we have
ϕ∗(L
⊗n) ∼= ρ∗(OX′(n)), and this determes compatible morphisms to its
projectivization from X and from X ′, the latter a closed immersion. For
(iii) the argument is as in Proposition A.1. The statements concerning
the direct image sheaves in (iv) follow from cohomology and base change,
and the flatness from
X ′ ∼= Proj(OS ⊕ ϕ∗(L⊗n)⊕ ϕ∗(L⊗2n)⊕ . . . ).
The remaining assertion follows from these facts, using that some multi-
ple of n satisfies the condition in (ii) both for X and for S ′ ×S X . 
Proposition A.9. Let S be a Noetherian scheme, and let X be a projec-
tive scheme over S (resp. a projective flat scheme over S) with relatively
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ample line bundle L0 and effective Cartier divisor E ⊂ X. Suppose for
some m > 0, the line bundle L0|E ⊗ (NE/X)m over affine open subsets of
S is semiample and determines a flat contraction ψ : E → F . Suppose,
furthermore, N∨E/X is ample relative to ψ and on fibers is normally gen-
erated with vanishing H1 of all positive powers (resp. vanishing H i for all
i > 0 of all nonnegative powers). Then L := L0(mE) is semiample with
exponent of M(X,L) equal to exponent of M(E,L0|E ⊗ (NE/X)m) over
affine open subsets of S and determines a contraction X ∼= BℓFY → Y
of E to F (resp. a contraction X ∼= BℓFY → Y of E to F with Y flat
over S, whose formation commutes with arbitrary base change S ′ → S
with S ′ Noetherian) such that Y is normally flat along F with normal
cone
Spec
(⊕
n≥0
ψ∗(N
∨
E/X)
n
)
Proof. We may suppose S is affine. Now we argue as in the proof of
Proposition A.7, relative over S. In the flat case with the stronger hy-
pothesis of cohomology vanishing we have (A.10) also for j = m, also
with L0 replaced by L
n
0 for any n > 0 and all 0 ≤ j ≤ mn, and also with
any H i (i > 0) in place of H1. Hence H i(X,Ln) = 0 for all i > 0 and
n > 0. Proposition A.8(iii) gives us the desired conclusion. 
Remark A.10. Proposition A.9 is a strict generalization of Proposition
A.7, which in turn generalizes Proposition A.3; the inclusion of all three
results serves expository purposes only.
Remark A.11. In Proposition A.3, respectively A.7 and A.9, the mor-
phism π : X → Y induces by pullback and direct image an equivalence
of categories between locally free coherent sheaves on Y and locally free
coherent sheaves on X whose restriction to E is free, respectively isomor-
phic to ψ∗ of a locally free coherent sheaf on F . That π∗ of such a sheaf
F is locally free follows from the Theorem on Formal Functions and ob-
servations concerning H0(X, IiEF/IjEF), respectively H0(U, IiEF/IjEF),
analogous to those in (A.3)–(A.4), respectively (A.14)–(A.15).
Remark A.12. In Proposition A.9 (without the assumption thatX → S is
flat and stronger cohomology vanishing from the statement), π : X → Y
is characterized by the following universal property: for any S-scheme
Z, S-morphisms Y → Z are by composition with π in bijection with
S-morphisms X → Z whose restriction to E factors through F (by ψ).
(Such a factorization, if it exists, is unique by [32, VIII.5.1(a)].) Indeed,
such an S-morphism X → Z induces a unique compatible map Y → Z
on the level of sets, continuous since π is proper and surjective and hence
a subset U ⊂ Y is open if and only if π−1(U) ⊂ X is open, and with π
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being a contraction, there is a unique compatible morphism of structure
sheaves. In fact, we may allow Z to be an algebraic space; then we
need the observation that given compatible separated e´tale morphisms
of schemes X ′ → X , E ′ → E, and F ′ → F , the functor on Y -schemes
that sends Y˜ → Y , determining X˜ → X , E˜ → E, and F˜ → F by base
change, to the set of compatible lifts X˜ → X ′, E˜ → E ′, and F˜ → F ′, is
representable by a scheme Y ′, separated and e´tale over Y . Already the
functor sending Y˜ → Y to the set of lifts F˜ → F ′ is representable by
an algebraic space, e´tale over Y [53, §1.1] [5, §5.1], so we may suppose
F ′ = F (and E ′ = E). Then the observation follows from a general result
of Artin on contractions [6, Thm. 3.1] and the property of separated e´tale
morphisms of algebraic spaces that if the target is a scheme then so is the
source [39, Cor. II.6.17]. The universal property in this level of generality
compares nicely with earlier results, e.g., in [49].
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